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1. Introduction 

We classify in the present paper Poisson brackets on modules over a semisimple 
complex Lie algebra which are based on classical r-matrices. We then quantize these 
Poisson structures in the spirit of the recent joint paper 6J with A. Berenstein and 
show that we recover many well known examples of quantized coordinate rings of 
classical varieties. 

Let us briefly discuss the main results in the case of a simple Lie algebra g. Let 
g = n_ [} © n+ be a simple complex Lie algebra and let {Ea\a e i?+} (where 
is the set of positive roots of g) be the standard basis of n+ and S R+} the 

standard basis of n_. Recall that r = J2a£R+ Ea<E)Fa S g®g is a classical r-matrix 
and — J2aeR+ ^ Fa — Fa (E) Ea G g A g the antisymmetrized r-matrix. For 
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each 0- module V define a quadratic bracket {•, •} on the symmetric algebra S{V) 
by the formula: 

(1.1) {a,5} = r-(aA6) = ^ £;„(a)F,(6) - S„(6)i^„(a) 

QG-R+ 

for a, 6 e S{V). In particular, if g = shiC), then {a, 5} = E{a)F{b) - E{b)F{a). 

The bracket is, by construction, skew-commutative and satisfies the Leibniz rule. 
To determine whether it is Poisson for a pair (g, V) one has to verify whether it 
satisfies the Jacobi identity. Our first main result is the following theorem. 

Main Theorem 1.1. (Theorem \3.12\) Let V he a simple finite- dimensional g- 
module. Assume that {s,V) / (sp2n(C), Kj^). Then the following are equivalent: 
(a) The bracket (|l.ip on S{V) is Poisson. 

(h) c(A^V^) = {0}, where c the canonical g-invariant in A'^g corresponding (under 
the identification g* = q) to the Lie bracket [■,■] : A g — * g. 

(c) V is geometrically decomposable as defined by R. Howe 

(d) Homg{A^V, S^V) = {0}. 

(e) A'^V is simple. 

If {g,V) — (sp2n(C), K,i), then parts (a), (b), and (d) of Theorem 1 1.1 1 hold, but 
parts (c) and (e) fail. In Theorem 13.131 we classify all simple modules V over a 
semisimple Lie algebra for which the bracket (jl.ip on S{V) is Poisson. The only, 
nontrivial, example of a simple module over a semisimple Lie algebra with this 
property is the natural module of g = sin x sZm(C) for arbitrary m,n £ Z>o. 

All pairs (g, V) for which the bracket (|1.1[) on S{V) is Poisson are classified in 

m- 

We then continue to show that the deformation quantization of the r-matrix 
Poisson structure on a g-module V\ recovers the braided symmetric algebras of 
the [/q(g)-module V^. The braided symmetric algebra Sq{V^) is quadratic q- 
deformations of the symmetric algebra of the J7(g)-module V\ (see [6] or Section 
14. 2p which are ?7q(g)-module algebras. An important problem in [6] is the question, 
for which Uq{g)-iLnodule the deformation is flat; i.e. one has dim((S'g(V'^))„) = 
^dim(y)+"-i^ fQj. oil graded components {Sq{V'^))n. The following result completely 
classifies such flat modules. 

Main Theorem 1.2. (Theorem \4.24\ ) A Uq{g) -modules V is flat, if and only if the 
bracket (jl.ip defines a Poisson structure on the symmetric algebra of the classical 
limit V ofVi. 

If g is of type A„, Bn or then the braided symmetric algebras of the fiat 
modules are the quantized coordinate rings of the classical varieties such as the 
quantum m x n-matrices, the quantum Euclidean space (see e.g [32]), quantum 
symmetric and quantum antisymmetric matrices (see e.g. |31j and [35]). The 
braided exterior powers of the flat natural modules of quantized enveloping algebras 
of types Bn , C„ and D„ agree with the g- wedge modules constructed by Jing, Misra 
and Okado in [22] . Our approach, thus, provides a natural unifying construction 
for these objects. Moreover, following the arguments in [T71 Ch. 5] one obtains 
that the braided symmetric algebras are the quantizations of equivariant Poisson 
structures on partial flag varieties. 

Theorem 11.11 shows that there is an apparent relation between r-matrix Poisson 
structures, flat modules and maximal parabolic with Abelian or Heisenberg type 
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radicals and classical invariant theory as studied by Howe in |18j. We use this 
connection to give the following explicit construction of braided symmetric algebras 
of flat simple modules. 

Theorem 1.3. (Theorem \5.4\ Theorem \5.9\} In the notation of Theorem \l.l[ if the 

bracket (jl.ip is Poisson (including the case {s,V) = (sp2n(C), then: 

(a) There exists a unique simple Lie algebra q' and a maximal parabolic subalgebra 
p C 5' such that g is the semisimple part of the Levi factor ofp and V is isomorphic 
(as a Q-module) to the nil-radical radp of p. 

(b) The associated graded of the quantized enveloping algebra Uq{radp) is the Kont- 
sevich deformation Sq^V^) of the Poisson algebra S(V) and carries a natural Uq{Q)- 
module structure. 

The paper is organized as follows: In Section [2] we study quadratic Poisson 
algebras. We introduce the notions of decorated space and bracketed algebras and 
show that the categories of decorated spaces and bracketed algebras are symmetric 
monoidal. We show how decorated spaces define bracketed algebras and show under 
which conditions the bracket satisfies the Jacobi identity (Theorem l2.21l ) extending 
well known results of Gelfand and Fokas |T^. We also show that if the bracketed 
algebra associated to a tensor product of two decorated spaces is Poisson, then each 
of the factors must define a Poisson algebra (Theorem 12. 25p . 

We use these results in Section [3] to classify all simple Poisson modules over 
simple Lie algebras (Theorem I3.12|) and finally all simple Poisson modules over 
semisimple Lie algebras fTheorem l3.13|) . Since the proof of Theorem l3.12l is rather 
long we present it in Section [6l 

Section [His devoted to the classification of flat simple modules (Theorem l4.24p . 
For the convenience of the reader we provide brief introductions to the quantized 
enveloping algebras C/g(g), the category of their flnite -dimensional modules (Section 
14.11) , the definition and basic properties of braided symmetric and exterior algebras 
and powers (Section [42]) and the classical limit (Section |43|) . 

In Section [5] we construct the braided symmetric algebras as the quantized en- 
veloping algebra of nilradicals (Theorem 1 5. 4p . respectively their associated graded 
algebras (Theorem [53]). In Section [5?2l we prove a PBW-type theorem for quantum 
Schubert cells and study Levi actions on quantized nilradicals. 

The results in this paper open up many questions and suggest connections be- 
tween the theory of braided symmetric algebras, cluster algebras, geometric crys- 
tals, equivariant Poisson structures and classical invariant theory.Appropriately, the 
paper concludes with a section on open questions and conjectures (Section [7]). 

Acknowledgments I would like to acknowledge the advice and support of A. 
Berenstcin. Additionally, I am thankful for stimulating discussions with P. Etingof, 
A. Polishchuk and B. Shclton. 

2. Quadratic Poisson Brackets 

2.1. Decorated Spaces and Bracketed Algebras. In this section we will in- 
troduce the notion of a decorated space and relate it to bracketed algebras, which 
are commutative algebras with a skew-commutative bracket satisfying the Leibniz 
rule, but not necessarily the Jacobi identity. Consider a linear tensor category C 
over a field k of characteristic char{k) = 0. We will view C as a symmetric tensor 
category with the braiding given by the permutation of factors. Define a decorated 
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space to be a pair (V, $) of an object V of C and a morphism V(^V^V(S)V 
such that T o cf) = — $ o r. Denote by ©(C) the category of decorated spaces whose 
objects are decorated spaces, and whose morphisms are structure preservingmaps 
in C. 

One has the following result. 

Lemma 2.1. The category 'D{C) is a braided symmetric category. More precisely 
we have the following: 

(a) The unit object is {k, 0), where 0: k($ik^OGkis the trivial map. 

(b) The tensor product {V V',<^") = (F, $) ® {V ,<^') of two decorated spaces 
{V, $) and {V, 4>') is defined for all u,v <^V and u' , v' e V via 

(2.1) = + $(,4 , 

where $13 = T23 o ($ (g) Id®'^) o T23 and $24 = T23 ° {Id®"^ ® $') o r23. 

(c) The symmetric braiding is given by the morphisms Vt : (8) {V',^') — > 
(V, $') ® {V, such that Vt{V <S)V')^V'®V and Vri^is + $24) = *13 + *24. 

(d) Moreover, the direct sum {V, i>) © {V , $') = {V ®V',^ + 0/ iwo decorated 
spaces {V, $) and {V, $') is a decorated space. 

Proof. It is easy to see that the tensor product {V, $) ® {V, $) of two decorated 
spaces is a decorated space, and that the tensor product is indeed associative. One 
can now show that (k, 0) satisfies the axioms of the unit. Parts (a) and (b) are 
proved. Parts (c) and (d) are obvious. The lemma is proved. □ 

Lemma 2.2. Let C be a symmetric linear category and let J- : C ^ C be a covari- 
ant monoidal-functor compatible with the braiding. Then, T defines a covariant 
functor VJ^ : D(C) V{C'), which takes an object to {J^{V),J^{^)). 

Proof. It suffices to show that for every object V oiC and every $ e EndiV ®V) 
such that r o $ = — $) o t one has t o JF($) = — o r^(y),^(iA)). Since T is 

compatible with the braiding we compute: 

Tj^(V),J^{V) ° ^{^) = ^{tv,V O $) = O Tv,v) = - (^(*) ° Tjf • 

The lemma is proved. □ 
We next introduce bracketed and Poisson algebras in the category C. 

Definition 2.3. (a) A bracketed algebra is a pair {A, {•, ■}), where A is a commuta- 
tive algebra in C and {•, ■} is a a structure preserving bilinear map {■, ■} : A^A A 
satisfying: 

(i) anti-commutativity 

(2.2) {a,b} + {b,a} = , 

for any a,b E A. 
(a) the Leibniz rule 

(2.3) {a,bc} = {a,b}c+b- {a,c} 
for any a,b,c£ A. 

(b) A bracketed algebra is called Poisson, «/{•,•} satisfies the Jacobi identity: 



{a, {b.c}} + {c, {a, b}} + {b, {c, a}} = 

for all a,b,c£ A. 
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We denote by BAlg{C) the category of bracketed algebras in C, whose morphisms 
are structure preserving algebra homoniorphisnis in C. 

Remark 2.4. Let {A,{-,-})be a bracketed algebra in BAlg[C). The bracket {•, •} 
satisfies 

(2.4) {ca,b} = c- {a,b} + {c,b} ■ a . 

Note the following obvious fact. 

Lemma 2.5. The Poisson algebras form a full subcategory of BAlg(C), the category 
of Poisson algebras. 

We need the following fact. 

Lemma 2.6. The category BAlg{C) is a symmetric monoidal category. More pre- 
cisely: 

(a) The tensor product {A®B,{ , }) :— {A,{-,-}a) ® {B,{-,-}b) of two objects 
{A, { , }a) and {B,{ , }b) is defined in the following way: for all a, a' G A, 
b,b' Cz B define, 

{a (S)b,a' (g) b'} = ((1 ® /^s) o {{a, a'} (g) 6 (g) 6') + (/i^ ® 1) o (a ® a (g) {5, 6'})) , 

where fiA denotes the multiplication in A and fis the multiplication in B. 

(b) Its unit element is (fc, 0). 

(c) The symmetric braiding is defined as 

{ , U) ® {B, {,}b) = (S, {,}b)® (A {,}a) ■ 

Proof. To prove part (a) we have to show that the tensor product is associative. 
We compute: 

{a ® {b ® c),a' ® {b' ® c')) 

= ({•, ■} ® ilB ® t^C + IJ-A® {•, •} ® /^C + MA <Xi AiB ® {•, •})0CT450cr23,4(a(g(6(gc)(8)a'(gi(&'(g)c')) , 

where 0-45 = IdA<g,AtS)B ® crc,B ® Idc and 0-23,4 = Id"^ (g aBi»c,A ® IdBig)C- 
Similarly, we obtain that 

{(ag)6)g)c, (a' g) 6') g) c'} 

= ({■, ■} ® ^J.B ® fJ-C + IJ-A ® {-, •} g) MC + AiA ® AiB ® {■, ■})oCT23O0-3,45(ag)(6g)c)g)a'g)(6'g)c')) , 

where 023 = IdA ® (Jb,a and 0-3,45 — IdA®B ® (^c,a^b ® Idc- Since o- is a braiding 
we have 0-23,4 = 0-23 o 0-34 and 03,45 = 0-45 o 0-34 with 0-34 = IdA(g)B(^c,A ® IdB^c- 

Since 0-23 o 0-45 = 0-45 o 0-23 it is now easy to verify that 0-23 o 0-3,45 = 0-45 o 0-23,4 
and hence, that the tensor product is indeed associative. 

Part (a) is proved, and Parts (b) and (c) are obvious. Lemma [2.61 is proved. □ 

We have the following obvious facts. 

Lemma 2.7. (a)The assignment A (^,0) defines a faithful tensor functor from 
the category of commutative algebras in C to the category of bracketed algebras. 
(b)The assignment (A, {■,■}) A defines a forgetful functor from BAlg{C) to the 
category of algebras in C. 
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2.2. Symmetric Algebras and Bracketed Symmetric Algebras. Let V be 

an object of C. The category C is Abelian, hence Idv(SiV + o'vy is a morphism in 
C and the symmetric square of S'^V = Im{Idv^v + f )> respectively the exterior 
square A?V = Ker{Idv0V + f ) are objects in C. Define the n-th symmetric power 
as 

S"v = S'^V (8) ^^("-2) n y o S^V (g) n . . . n i/^c^-^) s^v c F®" . 

Similarly, define the n-th exterior power as 

A^v = A'^v n F o A^y (g) y«i("-2) n . . . n y®("-2) A^y c F®" . 

Define the symmetric algebra S{V) = T{V)/ (A'^V) as the quotient of the tensor 
algebra of V by the two-sided ideal generated by the exterior square. 

The following facts are immediate for a symmetric linear category where the 
braiding is given by the permutation of factors. 

Proposition 2.8. (a) Let V be an object of C. The symmetric algebra Siy) is a 
commutative algebra in C. 

(b) The assignment V i— > S{V) is functorial. 

(c) The functor is exponential, i.e. S{U ®V) = S{U) (g^- S{V). 

Define morphisms cr^.i+i € EnddV^") for all 1 < i < (n — 1) by cr^.i+i = 
0- (g) Define for any permutation r in the symmetric group 

&n the morphism ar S End{V'^"') as ar = crir,ir-+i o ••• o CTjj^jj+i, where r = 
{ir, 2,- + 1) o . . . o (ii, ii + 1) is a presentation of t consisting of simple transpositions 
and <Jj,i+i defined as above. Note that CTx is well defined, independent of the choice 
of presentation of r. 

Recall the definition of the n-th braided factorial: 

[n\\a = [n\\v,a = [n]\a : V®" ^ F®" , [n]!, = • 

By definition [n]!,^ o ct; = cr; o [n]!^^ = [n]la- Similarly, define the n-th braided skew- 
factorial [n]!_CT = [n]!_cr,y = ^^^e^{—^Y^^^o-T, where £{t) denotes the length of 
the permutation t. The following fact is well known. 

Proposition 2.9. For any object V of C one has: 

(a) S'"F = Im{[n]\v,a) and A"^ = /m([n]!y,_^). 

(b) {A^V)n = Ker [n]!<j, where {h?V)n is the degree n component of the ideal 
{A^V). Equivalently, the composition (j)n '■ S"'V TV -» S{V) is an isomorphism 
between S'^V and S{y)n, where S{y)n is the n-the graded component of S{V). 

Let V be an object in the symmetric tensor category C and let $ : V^V V^V 
be a morphism in C. For I < i < j < n define : y®" F®" as follows. First, 
:e Enrf(y®") = Jd®'-i $ ® /d®"-*-i and, recursively for i < j - 1 

(2.5) = (T(j-lJ) O O CTQ.lj) . 

Proposition 2.10. For any i < j and any t £ S„ such that r(i) < t(j) one has 

^T{i),T{j) = o-r o j o a^-i . 

Proof. Wc first need the following fact. 

Lemma 2.11. Ifl<i<j<n, m<n— 1 and r = {m,m + 1), then (Tm,m+\ ° 

O 0-m,m+l = ^r(j),T(j) 
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Proof. Clearly, we obtain 

(2.6) <ym,m+l O *i J O Crm,m+1 = , 

if {m,TO+ 1} n {i,j} = 0. 

The assertion holds by definition ()2.5|) ii m = j or m = j — 1. It remains the 
case, when m = i or m + l=i. Since CTm.m+i is an involution, it suffices to prove 
the assertion for m + 1 = i; i.e. we have to show that ai-i^i o 4?^^ o ai-i^i — <f>i_ij . 
We need the following fact. 

Lemma 2.12. Let t — [j ~ 1, j) o (j — 2, j — 1) o . . . o (i — 1, i). Then we have for 
$ e End{V ® V) that 

Proof. The braid relation of the symmetric group &„ yields that (Ti^i+i o ai^i-i o 
— o <^i,i-\ ° CTj^i+i. We obtain through repeated application that 

ffj. o $4 j — <i>i_i j_i o CTt-. The lemma is proved. □ 

Now, we compute 

= cri,i+i o . . . o crj_2j--l o "'i-l.j ° 'I'i-lj-l ° '''j-lj' ° fj-2j--l o . . . o cri,i+i ■ 
f^j+l O ■ . . O a-j_2j-l O 'i'i-lj ° 0'j-2j-l O . . . O <Tj^j+i . 

We obtain applying (j2.6p multiple times that 

Ci.i+i o . . . o CTj_2j-l o 'I'l-lj ° cri-2j-l o . . . o CTi^j+i = $1-1 J ■ 

We now have ai-u o ^i-ij o ai-i^i — Lemma l2.11l is proved. □ 

We can now prove Proposition 12.101 by induction on the length £{t) of r. The 
inductive base is provided by Lemma [2. Ill Next , let r G ©„ such that £{t) > 1. 
Write T = t' oam,m+i such that £{t') = £{t) — 1. It is easy to see that T'{i) < T'{j). 
Otherwise we would have t{i) ~ m, T{j) = m + 1, and T'(i) = m + 1 and t'(j) = m. 
This implies that we would obtain a reduced expression r' = r" o am'.m'+i ° 
with £{t') = £{t") + £{t"') + 1, such that r"(i) = m,T"{j) = m + 1. It is now 
easy to see that t = t" o r'", and hence £{t) < £{t'). We can now apply the 
inductive hypothesis to r' to obtain a-r' ° ° (^{t')-^ — ^T'(i).T'{j)- Note that 
= am.m+i ° {'t')^^- Lemma 12.111 implies that 

Proposition 1 2 . 1 01 is proved. □ 
We now define a map : v"®("+") by the formula: 

m m+n 
i—1 j— m+1 

For any a £ S"' V, b £ and a e V^"' and b e T^®" such that +H!^(a) = a 

and = 6 we define the morphism {•, -jt"^") : S'^V ® S""]/ 5*"+"^ by: 

{a,6}i'"'"^ := . ^ ., [m + n]U$("^.")(a^6) . 
(to + nj! 

The above morphism is well-defined because of the following result. Recall that 
6m X &n embeds naturally in 
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Lemma 2.13. If t = (ti,T2) G x e„ C f/ien cr^o = $(™'") ocr^. 

Proof. One has by Lemma r2.10l that for any r e 6„+m and any 1 < « < j < m+n 
that (It- o .^(j-) = j o Or- We compute 

m ni+n m m+n 

■i— 1 j—ni+1 i—1 j—m+1 

The lemma is proved. □ 
We have the following result. 

Proposition 2.14. Let {V, $) be a decorated space. The pair {S{V), {•, •}$), where 
{■j ■}* — ® {'j ■}$"'"'' is a bracketed algebra in C. 

Proof. Prove anti-commutativity (|2.2|) first. We need the following fact. 

Lemma 2.15. (a)Let (V, $) &e a decorated space. Then for alln > 2 and i < j < n 
one has 

(b) If i < i < n and r £ ©„ smc/i i/iat T(i) > t(j), f/ien 

Proof. Prove (a) first. Note that cr(i.i+i) o o ^(i^i+i) = — "J'i.i+i and that 

ih]) = ij - ° (j - 2,j - 1) o + 1) o (i + l,i + 2)...(j - Denote 
r' = (j — 1, j) o (j — 2, j — 1) o (i + 1, i + 2). We compute using Proposition l2.10l 

Part (a) is proved. 

Prove (b) now. We clearly have T'(i) < t'(j') for r' = (t(j'), r(i)) o r. Therefore, 
we have by Lemma 12.101 and Part (a) 

-'^TU),T{t) = f^(T0%TW)O*r0),r(i)OO-(r(j),r(-0 = Cr(TO-),T « ) O ^r' O j O CT^' O 0-(^(j) ^^(,) 

= CTt O Cf)j J O CT^-l . 

Part (b) is proved. The lemma is proved. □ 

Let T e &rn+n be the permutation, which sends (1, 2, . . . m, m + 1, . . . n + m) 
(n + 1, n + 2, . . . m + n, 1, 2 . . . n). Lemma 12.151 vields that for i<n<j<m + n 
one has ^ijcr^ = — CTt-^^q) ^.j-,). Therefore, we have 

m m+n m m+n 

$("^") o CT, = ^ ^ O CT, = -CT, ^ ^ *rO).r(») ■ 

i—1 J— m+1 I— 1 J— m+1 

This implies that {6,a}^"'™^ ^ -{a,6}|;''"^ for a G S'^V and 6 G S'^F, hence 
{a, 6}$ = — {fe, a}$. Anti-commutativity is proved. 

It remains to verify the Leibniz identity (|2.3p . Let a G G S'^V and 

c G and let a G G F®™ and c G V®^ be representatives of a, 6 and 

c, respectively. Denote by r' G 6r?x+n+f the permutation t'(1, . . . , n + to + = 
(n + 1, . . . , n + m, 1, . . . , rt, n + m + 1 . . . n + m + £). We compute 
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{a, b-cU = {a, b ■ c}i"'"+') = , / , ,M [n + m + e] !,<i>(-™+^) (a 6 ® c) 

[n + m + t)\ 

r II r/)ii m+n 

" + "^ + ^]'^ I (n + mW ^ ^ |(a06®c) 

^ ' 1=1 j=n+l 

1 1 ^ r rti I ^ n+m+i \ 

m\l.„ Igl [n + ..-r-^ -r-^ ^ N 1 ? -N 

, , , „.,L- -j-a , , ^ >_] a^&'^c 

(n + TO + £)! \ m! 7T, + £)! i ^ 

= {a, b} ■ c + b ■ {a, c} . 
Therefore the Leibniz rule holds. Proposition 12. 141 is proved. □ 

We will denote by S{V, <i>) the bracketed algebra {S{V), {•, •}$) from Proposition 
12. 141 and refer to it as the symmetric algebra of the decorated space (V, $). We have 
the following result. 

Proposition 2.16. The correspondence (V, $) > S(V,^) defines a faithful expo- 
nential functor from the category of decorated spaces to the category of bracketed 
algebras BAlg(C). 

Proof. It is easy to verify that the correspondence is functorial and faithful. It 
remains to check that it is exponential. By Proposition 12.81 one has S(V © V) = 
S{V) S{V'), and we obtain the bracket defined by 

{u + u',v + = ($ + $')(("" + A + v')) 

for all u,v ^ V and u' , v' e V'. The proposition is proved. □ 



2.3. Bracketed Poisson Algebras. Denote by J : A^^ A the Jacobian map 
defined by 



(2.7) J ^ F + F o ai2 o a23 + F o (723 o (Ti2 , 

where F : A, F(a, 5, c) = {a, {b, c}} and 0-12 = a (g) Id and 0-23 — Id(g a. 

The following fact is obvious. 

Lemma 2.17. (6, Definition 2.23]j A bracketed algebra {A, {■,■}) is Poisson, if 
and only if J{A'^^) = 0. 

Define the Jacobian ideal ( J$) as the two-sided (bracketed) ideal in the bracketed 
algebra S{V, $) generated by the image of the Jacobian map. We call the quotient 
of S{V)^ by (J$) the Poisson closure. The bracket {•, •}$ induces a bracket {•, •}$ 
on S{V)^, because (J$) is by definition closed under the bracket. 

Definition 2.18. The reduced symmetric algebra S{V,^) is the bracketed algebra 



We have the following result. 
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Proposition 2.19. (a) The reduced symmetric algebra S'(V, <&) is Poisson. 
(h) The reduced symmetric algebra S{V^^) has the following universal property: 
Any homomorphism of bracketed algebras from S{V, $) to a Poisson algebra P 
factors through S'(y,$). 

(c) The assignment (V, $) i— > S'(V, $) defines a functor from the category of deco- 
rated spaces to the category of Poisson algebras. Moreover, if {V" ,^") — (V, $) © 
(y, then there exists a surjective homomorphism S(V, ^)'SiS{V', $') S{V" , <f>"). 

Proof. Prove (a) first. Let a,6,c G S{V,^) and let a,b,c G S{V,^) be rep- 
resentatives of tlie equivalence classes of a,b,c, respectively. Then J{a,b,c) is a 
representative of the class of J{a,b,c), where J is the induced Jacobian map on 
S'(F,$). By definition, J{a,b,c) G (J*), hence l{a,b,c) = G 5(1/,$). Part(a) is 
proved. 

Prove (b) next. Let P be a Poisson algebra and p : S{V, $) P a homomor- 
phism of bracketed algebras. It is easy to see that (J) is contained in the kernel of 
p. Hence, p factors through S{V, Part(b) is proved. 

Prove (c) now. Let {V, $) and {V , be decorated spaces, (V'\ $") {V, $) ® 
(V,$'), and (J), resp. (J'), the Jacobean ideal in $), resp. S{V',<P'). It 
is clear that the ideals generated by (J) and (J') in S{V",^") are contained in 
the Jacobian ideal (J") of SiV", $"). Part(c) follows since S{V", = S{V, $) 
S{V' , $') by ProDOsition l2.16l The proposition is proved. □ 

Due to Proposition I2.19f a) we will sometimes refer to S{V, $) as the Poisson 
closure of S{V,^) (see also ^ Section 3.1]). 

We will now discuss, when S{V, $) is Poisson; i.e., when S{V, $) = S{V, $). 

For any <I> G End(V ® V) define the Schouten square [[$, $]] G End{V ®V ®V) 
by: 

$]] = [$12, $13] + [*12, *23] + [*13, $23] , 

where [a, 6] — aob — boa denotes the usual commutator. 

The Schouten square has the following very important property. 

Lemma 2.20. Let V be an object of C and let $ G End{V ® V) such that ^ oa — 
-a o $. Then, (7^,^+1 o [[$, $]] o cr,^,+i = -[[$, $]]/or i^l,2. 

Proof. Straightforward computation yields: 

(712 o [[$, $]] o CT12 Cri2 o [$12, $13] + [$12, $23] + [*13, *23] ° Cri2 
= -[$12, $23] - [$12, $13 + [$23, $13]) = -[[*, $]] • 

Similarly, we compute 

CT23 O [[*, *]] o Cr23 = [$13, $12] - [$13, $23] - [$12, $23] -[[*, *]] ■ 

The lemma is proved. □ 

We call a decorated space {V, $) Poisson, if the symmetric algebra S{V, $) of 
the decorated space {V, $) is Poisson. 

Theorem 2.21. Let (V, $) be a decorated space. The following are equivalent: 

(a) (V, $) is Poisson 

(b) <^ satisfies the equation 

(2.8) [3]Uo [[$,$]] = . 
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(c) ^ satisfies the equation 

[[$,$]] o [3] = . 

(d) ^ satisfies 

where |^3y denotes the restriction to A^V. 
Proof. 

The equivalence of (a) and (b) is well known and proved in [16} Theorem 3.1]. 
For the convenience of the reader we nevertheless prove here that (a) equivalent 
(b). 

We need the following fact. 
Lemma 2.22. One has 

im(J)nS'3(T^) = [3]!^o[[$,$]] . 
Proof. Define the hfted Jacobian J' : F®^ ^ ]/®3 

J'{x, y,z) := G + G o 0-12 o (T23 + G o crjs ° (^12, 
where G : y®'i jg morphism given by 

G $12 o (1 ® 1 1 + (T23) o $23 = (*23 o "512 + CT12 o $13 o $12) • 

By definition, J{x, y, z) — ^^^(J'(^, y, z)) for all x,y,z S{V) and all x,y,z £ 
T(y) such that [3]!^(^) = 3! • x', [3]!^(i/) = 3! • y and [3]!<,(z) = 3! • z . 
One has [3]la o cn.j = [3]!cr for all j = 1, 2, 3. Therefore, we obtain: 

[3]!^ o G = [3]!^ o ($23 o $12 + 0-12 o $13 o $12) 

= [3]!a o ($23 o $12 + $13 o $12) • 

Similarly, 

[3]!cr O G O (712 O 1723 = [3]!ct ° (-1712 O ^23 O $12 O $13 + (723 ° $23 ° $13) 
= [3]!,^ O (-$12 O $13 + $23 O $13) . 



[3]!cr O G O (723 O 0-12 = [3]!^ O (-$13 O $23 - $12 O $23) . 

Combining these equations, we obtain : 

[3]!„0(G + G0(7l2 0(7l2+ Go (723 (712) = - [3] !^ O [[$, $]] 

and thus: 

(2.9) i\-J{x,y,z) - -([3]Uo[[$,$]])(x®y®z) . 

for all X, y, z G y . The lemma is proved. □ 

We need the following fact which generalizes [6] Lemma 3.7]. 

Lemma 2.23. Let {A, {•, •}) he a bracketed "Z^Q-graded algebra in C generated by 
Ai and such that Aq = k. Then A is Poisson if and only if the Jacobian (see (|2.7p ) 
vanishes on (^i)"^. 
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Proof. We proceed by induction in homogeneity degrees £ ~ n + m + k of 
monomials u ■ v ■ w with u G An , v G Am , w G Ak ■ We start with the base of 
induction, which is the assumption: suppose that for all u',v',w' G Ai one has 
J{u' ,v' ,w') = 0. Now let u G An,v G Am,w G Ak,z G Ai and assume that the 
assertion holds for £ — n + m + k. We compute using the inductive hypothesis and 
the Leibniz rules ((2^ and ((2?3| : 

J(a, b,c- d) — J{a, b,c) ■ d + c{J{a, b, d)) = . 

Since for all u,v,w G A one has J{u,v,w) — J{w,u,v) — J{v,w,u), the the 
assertion holds forn + m + fc = ^+ l. This implies that A is indeed Poisson. The 
lemma is proved. □ 

The above lemma implies that J{S{V)^) = if and only if (f> satisfies (|2.8p . 
Therefore, (a) and (b) are equivalent. 

We will now prove the equivalence of (b) and (c). It follows from Lemma[2?2QUa) 
that [3]!^ o [[$,$]] = o [3]!_„. Therefore, [3]!^ o [[$,$]] = 0, if and only if 

$]] o [3]!_cr = , and (b) and (c) are equivalent. 

Parts (c) and (d) are clearly equivalent. Theorem 12.211 is proved. □ 

We will now employ Theorem 12. 2 II to study Poisson structures on subspaces and 
tensor products of decorated spaces. 
First, note the following fact. 

Proposition 2.24. Let V,V' and V" be objects of C such that V ^ V O V" . Let 
additionally, {V, $) and {V' , $') be decorated spaces such that for all vi®V2 G V'®V' 
one has ^'(yi ® V2) = t^v',V' ° ^{vi 'S> V2), where ttv',v' '■ V i^V ^ V (E)V' denotes 
the canonical projection. // (V, $) is Poisson, then (V',^') is Poisson. 

Proof. One has A^V = 0^^^ A'V (g) A^-'V", and S^V = 0^^(, SW ® S^-'V". 
Clearly, [[$, <!>]] defines a map [[$, $]]' : A^V^' S^V and it follows from our 
assertion that [[$, $]]' = [[$', $']] : A^V S^V C S^V. If {V, $) is Poisson , then 
[[$, $]]'(A3y') = [[$', $']](A3t/') = 0, and hence {V , $') is Poisson. □ 

The following result relates Poisson structures and tensor products. 

Theorem 2.25. Let {U, $) and (V, $') be decorated spaces. If their tensor product 
(U ig) V, $") = (U, $) ® {V, $') is Poisson, then [U, $) and {V, $') are Poisson. 

Proof. 

Let CT be the "shuffle" V^^ ® V^^'^iU ® Vf. Abbreviating 

f/3.0 = S'^U = {S^U ®U)r\{U® S^U), U^'^ = {S^U (E>U)n{Ur^ A^U) 
[/0,3 ^ ^ (-^2jj ;/) n ([/ A'^U), = {A^U (g)U)n{U(S S^U) 

and the same for V, we have the following containments for A'^{U Cg) V) and S^{U (g 

V): 

A^{U ® F) D a{U'-^ g) V^-') , 

i+j=3 

Since = $13 + $24 and [$13, $^4] = G End{{U ® V")®^) we have that 

[[$", $"]] = [[$13 + $^4, <f 13 + $24]] = [[$13, $13]] + [[<i>24, $24]] ■ 
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Note that ^(A^J/) C S^U (resp. ^K^V) C S^V and ^{S^U) C K^U (resp. 
^{S'^U) CA^U). Hence 

for alH + j = 3. This imphes that 

Theorem [225] now follows as the special cases i = 3, j = and i = 0, j = 3 from 
the following more general obvious result. 

Lemma 2.26. // {U, $) ® {V, $') is Poisson, then 

[[$", $"]](CT(f/*'J' ® W^O) = {0} ^ ^(f^^'' «> V'^' + C/*'^' (g) 

for all i + j = 3. 

Theorem 12.251 is proved. □ 
The following example shows that the converse of Theorem 12.251 does not hold. 

Example 2.27. Let V — V' ^ C'^ with standard basis {ei, 62}, and let $(ei(X>ej) = 
sign{i — j){ej O Ci) and ^'{ci (8) ej) — A • sign{i — j){ej ® e^). Clearly, both (V, $) 
and (y, $') are Poisson, because h^C? — but straightforward calculation shows 
that {V, $) ® {V, $') is Poisson, if and only if X = ±1. 

We conclude this section with an apparently well known and useful observation 
regarding a general operator $ : V(E)V V^V that satisfies the identity [[<&, $]] = 
0, the classical Yang-Baxter-Equation. However, for the reader's convenience we 
give a proof. 

Proposition 2.28. Let <I> be an operator such that [[$,$]] = 0, and define = 
i($ + t($)) and = i($ - r($)). One has 

Proof. First note the following fact. 

Lemma 2.29. Let <^> : V (E> V ^ V (g) V satisfy $]] = 0. Then $°p = o $ 
satisfies [[$°p,$°p]] = 0, 

Proof. If [[<i>, $]] = 0, then also 0-13 o [[$, $]] o (T13 = 0. Hence, 

= [$32, $31] + [$32, $21] + [$31, $21] = -[[$°^ • 

The lemma is proved. □ 

We need the following lemma. 

Lemma 2.30. Let $ be an operator such that [[$, $]] = 0. In the notation of 
Provosition \2.28\ one has the following identity: [[$^,$^]] = -[[$+,$+]]. 

Proof. Since [[$,$]] = [$°p,$°p]] = we obtain that [[$-,$-]] = i[[$, -$°p]] = 
-i[[$,$°P]] and [[$+,$+]] = i[[$,$°P]]. The lemma is proved. □ 

By Lemma [2:201 we obtain that [[$",$"]] - an o [[$-,$-]] o (T13 = 2[[$-,$-]]. 
Using Lemma [2.301 we obtain 

2[[$-, $-]] = -[[$+, $ + ]] + ^13 o [[$+,$+]] o (713 = -2[$i2, ^^3] • 

Proposition 1 2 . 281 is proved. □ 
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3. PoissoN Modules over Lie Algebras 

3.1. Definition and Basic Properties of Poisson Modules. Let (g, (•, •)) be 

a quadratic complex Lie algebra; i.e. a complex Lie algebra g with a symmetric 
invariant bilinear form (•, •) : ggjg — > C. Clearly (•, •) G (g^fl)* — 0*00*. The form 
(•, •) defines an isomorphism between q* and g, and under this isomorphism we can 
identify the form with a symmetric g-invariant element (•, •) = c G S'^{g) C g ® g. 
In the case when g is semisimple and (•, •) is the Killing form, c is known as the 
Casimir element. Similarly, note that the Lie bracket [•, •] : g A g — > g defines an 
element [•, •] : g* (SJg* iXig and we obtain under the isomorphism above the canonical 
element c = [■,■] G g'^. Observe the following facts. 

Lemma 3.1. (a) The canonical element c is g-invariant and totally skew symmet- 
ric; i.e., c G (A^g)B. 

(b) The elements c G 5^g and c G A'^g are related by 

(3.1) C = -[C12,C23] , 

where Ci2 = c ® 1 and C23 — I (E) c. 

Proof. Prove (a) first. By definition c = C(i) (X) C(i) (g) [c(2), C(2)] = [cia, C23], where 
c = C(i) (8) C(2). Note that [c(2),C(2)] ^ 0, despite Sweedler's notation being very 
suggestive. 

Since c is g-invariant, it is easy to see that c is g-invariant, as well. We have 
to prove that c is anti-symmetric. We will show first that c indeed anti-commutes 
with the permutation cia; i.e., [ci3, C12] = — [ci3, C23]. Since c is g-invariant we have 

[c, g (g) 1] = — [c, 1 ® g] for all g G g. Now let c = C(i) (Si C(2). We obtain, 

[Cl3, C12] = [C(i), C(i)] C(2) ® C(2) = -C(i) (g) C(i) (g) [C(2), C(2)] = -[ci3, C23] . 

We can show analogously that c anti-commutes with (T23, as well. Part(a) is 
proved and (b) follows immediately. The lemma is proved. □ 

Note that c defines for each finite-dimensional g-module V a g-module homo- 
morphism c : A^V S^V. We make the following definition, and then explain, 
how it is connected to the Poisson decorated spaces introduced in Section [2T3l 

Definition 3.2. Let (g, (•, •)) be a Lie algebra with a .symmetric invariant bilinear 
form. We say that a finite- dimensional g-module V is Poisson, if 

c{A^V) = {0} G S^V . 

We immediately obtain the following sufficient condition guaranteeing that a 
g-module V is Poisson. 

Proposition 3.3. Let V be a finite- dimensional Q-module. If Ham g{A^V, S^V) — 
{0} , then V is Poisson. 

We make the following definition. 

Definition 3.4. (a) Let q be a complex semisimple Lie algebra. An element r G 
g (X) g is called a classical r-matrix if r satisfies the 
(i) the classical Yang- Baxter- equation, i.e. 

[[r,r]] = [ri2,ri3] -f [ri2,r23] -l- [ri3,r23] = 

(a) and r + r(r) = 2c, where c is the Casimir element of q. 
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Example 3.5. Let g = s^2(C). The standard r -matrix is r = E(S)F, where E, F, H 
are the elements oj the standard basis ofshiC). 

The classical r-matrices have been classified in the celebrated paper [2] in terms 
of Belavin-Drinfeld triples. 

Consider a classical r-matrix r and its antisymmetrized r-matrix r^ — i(r— T(r), 
and a finite-dimensional g- module V . The element r~ € q®q acts onV ®V and the 
corresponding decorated space {V, r~) defines a bracket on the symmetric g- module 
algebra S{V) defined as {m, v}^- = r~{u /\ v) on all u, w e S{V) as constructed in 
Proposition [2TT4I We have the following result. 

Proposition 3.6. Let g be a complex semisimple Lie algebra, (•, •) the Killing 
form and r a classical r-matrix, and let V be a finite- dimensional g-module. The 
decorated space {V,r~) is Poisson if and only if V is Poisson. 

Proof. We have to prove that {V,r~) is Poisson, if and only if c{A'^V) = {0} G 
S^V. We obtain from Proposition that 

[[r-,r-]] = [r+,r+] [ci2,C23] =c . 

The assertion now follows from Theorem 12.211 □ 

We note the following facts. 

Lemma 3.7. Let (g, (•, •)) be a quadratic algebra and let V — be a trivial g- 
module. Then V is Poisson. 

Proof. Obvious. □ 



Lemma 3.8. Let (gi,(-,-)i) '^'^'^ (02j("j")2 be quadratic Lie algebras and let Ci £ 
S^Qi and C2 G S'^g2 be the elements corresponding to (gi,(-,-)i) and (g2,(-,-)2- 
Then (g, (•, •)) is a quadratic Lie algebra with 

{91+ 92,g'i+ 92) = (5i,.9i)i + (.92,. 92)2 
for gi,g'i G gi and 52,52 ^ 02- Moreover, one has c = ci + C2. 

Proof. The assertion follows from the fact that the subalgebras (gi,0) G g and 
(0,02) G g commute. □ 

The following technical result will be of particular importance for the classifica- 
tion of Poisson modules over a semisimple Lie algebra g, as it allows to restrict to 
certain good subalgebras, such as Levi subalgebras (see Proposition 16. 6p . 

Proposition 3.9. Let (g, (•, •)) be a quadratic Lie-algebra. Denote by c ^ S'^io) the 
Q-invariant element corresponding to (•,•). Let g^ub <Z Q be a subalgebra such that 
Qsub'^Qj^ub ~ {^}- Denote by Cgub G S'^{Qsub) the Q-invariant element corresponding 
to (^Ob.,..- 

(a) One has c = Cgub + c" , where c" G g^f^^f, A g A g in the notation of Appendix\^ 

(b) Let V be a Q-module and Vi C V a Qsub-Tnodule such that g^Kf,(Vi) fl = {0}. 
If the canonical element c G A^g defined in p.ip satisfies c{K^V) = {0}, then the 
element Cgub G h?Qsub satisfies Csub(A^Vi) — {0}. 
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Proof. Prove (a) first. By definition we can express the element c G g ® g 
corresponding to (•, ■) as c = Csub + Crest, where Csub e Qsub ® Qsub and c^^g^ G 
Q^ub ®Q®Q® Q^ub- We obtain from that 

C = [{Cgub + Crest) 12 1 (Csm6 + Crest)2'i\ — Cgub + c" , 

where c" G flj;^^ A g A g. Part (a) is proved. 

Prove (b) now. RecaU that S^V ^ 0-^o S"T4 S S^-^V2. One has Csub(A3yi) c 
S^Vi. Clearly, 

c"(yi ®T^i) c (^^^i)" , 

in the notation of Appendix [8] If V is Poisson, then c(A'^Vi) — {0}, and hence 
Csub(A^V"i) = {0} and c"(A^Vi) = {0}. This implies directly that Vi is Poisson as 
a 0s„6-module. 

Proposition 13.91 is proved. □ 

If g is a reductive Lie algebra we have the following fact. 

Proposition 3.10. Let q be a reductive Lie algebra and K(x,y) — tr{ad(x)ad{y)). 
The Lie algebra g splits as q = g' ® J into a semisimple part g' and a central 
subalgebra 3. A finite- dimensional {q, K)-module V is Poisson, if and only if V is 
Poisson under the restriction to (g',Kg'), where k^i denotes the restriction of k to 
g', the Killing-form. 

Proof. Since i.V = {0} we obtain that V is Poisson only if V is Poisson as a 
g'-module by applying Proposition 13.91 (b) to V = V' . In order to prove the other 
direction note that since g and 3 commute we have (g,K) — (g',Kg') ® (JjKj) and 
can apply Lemma 13.81 to obtain that c = Cg' + Cj. The Lie algebra 3 is Abelian, 
and therefore, the form vanishes on 3 3 and Cj — 0. This implies that c = Cg/ and 
c = Cg' . The assertion now follows immediately. □ 

3.2. Classification of Poisson Modules over Semisimple Lie Algebras. In 

this section we will classify all simple Poisson modules over a semisimple Lie algebra 
g. By Proposition l3.10l we immediately obtain a classification of all simple modules 
over reductive Lie algebras. First we will introduce some notation. Choose a Borel 
subalgebra b C g and denote by () and n"*" the corresponding Cartan and uper 
nilpotent subalgebras, and, similarly, by h~ and n~ the lower Borel and nilpotent 
sublagebras. By W{q) we shall denote the Weyl group of g and by (•, •)!, and (•, •)(,• 
the standard inner product on [} and ()*, which we identify via the inner product. 
Denote by i?(g) C f)* the set of roots, by R'^{q) (resp. R"{q)) the set of positive 
(resp. negative) roots and by A = {ai, ...,«„} the set of simple roots. Denote by 
Ea for a e R{q) and Ha C f), a G T^'^io) the standard generators of g with the 
property that ~ Ha ^ a = 2 ^^"^^ G f) C g. We will also use the notation 

P(g) for the weight-lattice of g and uoi for the i-th fundamental weight. 

We now introduce the notion of geometrically decomposable modules following 
[l8l ch.4]. Let g be a reductive Lie algebra and V a g-module and U d V he 
a b-module. Denote by det(t/) the one-dimensional subspace det(J7) = A*°pU of 
A([/). Clearly, det{U) is a b-submodule of A{V), therefore, every u G det{U) is a 
highest weight vector in A(y). In analogy to 18, ch. 4.6], we call a highest weight 
vector V G A(y) geometric, if v G det{U) for some b-module U C V. 

Definition 3.11. [181 ch. 4.6] A Q-module V is called geometrically decomposable, 
if AV is generated as a g-module by geometric highest weight vectors. 
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The following result is the first main theorem of this section. 

Main Theorem 3.12. Let g be a simple complex Lie algebra, and let V be a 
non-trivial simple finite- dimensional Q-module. Then the following are equivalent: 

(a) The module V is Poisson. 

(b) The decorated space [V, r^) is Poisson for any classical r -matrix r G g Cg) g . 

(c) Homg{A^V, S^V) = {0}. 

(d) A^V is simple or (g, V) = (sp2n(C), C^") for some n. 

(e) The module V is a geometrically decomposable Q-module or {q,V) — (sp(2n), V^^). 

(f) The pair (g, V) is one of the following: 

(i) (sln{<C),V\) where X G {cji, 2cJi, CJ2, w„_i, 2w„_i}. 

(ii) {so{n),V^,),{soi5),V^,), {so{8),V^,), (so(8),K.J, (so(10),l/^J and (so(10),K.J. 
(Hi) (sp(2n),K)J and (sp(4),K;J. 

(iv) {Eg,V^^) and (Ee^V^g). 

We prove the theorem using the following strategy. The equivalence of (a) and 
(b) is proved in Proposition l3.6l The implication (c) implies (a) follows from Propo- 
sition [3T3l To prove that (a) yields (c) and (f ) and, we will give necessary conditions 
a dominant weight A e ^''*'(g) has to satisfy, if V\ is Poisson. We will then show that 
Homg{A^Vx, S^Vx) — {0} for all A e P^{q) satisfying these necessary conditions 
proving that (f) yields (c). In order to show that (a) and (d) are equivalent, we 
prove that V is Poisson if A^V is simple and that A'^V is simple for all pair (g, V) 
in (f). The equivalence of (a) and (e) then follows from the classification of simple 
geometrically decomposable modules in |;18^. Since the proof is rather lengthy we 
refer it to Section [6] 

We can generalize Theorem l3.12l to the case of semisimple Lie algebras. Consider 
a semisimple Lie algebra g and a finite-dimensional g-module V. If g = ®"^i Si; 
where g^ are simple Lie algebras, denote by Vai,....a„ the simple g-module of highest 
weight (Ai, . . . , A„) G P(gi) © . . . PiSn) = Pis)- Denote by the support supPq{V) 
of a g-module V the product of all simple factors g^ for which gi{V) / {0}. We 
have the following classification result. 

Theorem 3.13. Let q be a semisimple Lie algebra and V a simple g-module. The 
following are equivalent: 

(a) V is Poisson. 

(b) The pair {supp{Q), V) is listed in Theorem \3.1S\ (f) or {suppg{V), V) — {slm x 
s^n,Kji,LJi) where is the natural slm x sin-module. 

Proof. Recall that the m x n-matrices Matmxni^) can be given a glm x glm,- 
module such that Afaimxn(C) V^„,,ii)„ — V*_^ with gl„i acting on the left and 
gin acting on the right. This action yields a glm x gin-module algebra structure 
on C[Matmxn\ = 5'(VLii,(ji). It is well known that the r-matrix bracket defines a 
Poisson structure on the algebra C[Matmyn] = S{Vu)j^^uji) via 

r~{xij (g) Xki) = {sign{i - k) + sign{j - l))xkjXii . 

It remains to show that if suppg(V) is non-simple and (suppg{V), V) ^ {slm x 
sin, then V is not Poisson. 

Let ri, . . . r„ be classical r-matrices for gi, . . . , g„. It is easy to see that r = 
ri -f . . . r„ is a classical r-matrix for g. Recall that as a vector space V can be 
decomposed as a tensor product V = V\-^ ® . . . ® Fa„, where is a simple g^- 
module. The decorated space {V,r^) decomposes as a tensor product (V, — 
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® • ■ • (VA„,r,7). It now follows from Theorem 12.251 that if a simple g- 
module V is Poisson, then each V\. is Poisson as a 0i-module as are all the products 
V\^®V\^^^ as 0i©gi+i-modules. It therefore suffices to show the following. First, let 
01 and 02 be simple Lie algebras and let and Vx^ be simple Poisson gi- (resp. 
02)-modules and and (02,^^2) 7^ (s^fc,K;i) for some k > 2. Then Vaj^As is not 
Poisson. Second, we have to prove that the natural sli x s^,,„ x s^„-moduleKjj^ijj.i^j 
is not Poisson for all i,ni,n > 2. 

We can further reduce the list of cases to investigate by considering the embed- 
ding of some Levi subalgebra in and making use of Proposition [Hill We need the 
following result. 

Proposition 3.14. (a)If q — SI2 x SI2, then V — V2,i is not Poisson, where Vi 
denotes the n + \- dimensional simple sl2-module. 
(h) If Q = SI2 X SI2 X 5^2; then is not Poisson. 

(c) If g = SI2 X sp(4), then V — V\,u]^ is not Poisson. 

Proof. Let = 0i © 02 be a semisimple Lie algebra. We have c — ci + C2, where 
c, ci and C2 are the Casimir elements of 0, 0i and 02, respectively and c = Ci + C2. 

We will first prove case (a). Let = s^2 x SI2 and let V = 14,2, i > 1, be 
a simple 0-module. Denote by Vi and V2 the corresponding simple sZ2-niodules. 
Since V ^ Vi ^¥2 as vector spaces we can choose non-zero vectors (u u), {u' (g) 
v'), (w^v") GVi(g)V2CV such that u e V{i), v! = F{u) and v e ^2(2), v' = F{v) 
and v" € 14 (—2), where Vk{£) denotes the ^-weight space of Vk- Abbreviate uv = 
{u(S)v) A {u' (g) v') A (u ® v") e A^V. 

Note that if = 5^2, then Csi^ ^ E A F A H and Csi^xsh = Ei A Fi A Hi + E2 A 
F2 A H2 . It is easy to verify that 

E2AF2AH2(nw) £ V{i,2)-V{i-2, -2)-V{i,0)®V{i,0)-V{i-2,2)-V{i, ~2) C S^V . 

Similarly we obtain that 
EiAFiAHi (uv) e {V{i, 2) ■ V{i - 2, -2) • V{i, 0) © V{i, 0) • V{i -2,2)- V{i, -2)f . 

Hence, c(uv) and V is not Poisson. Part (a) is proved. 

Prove (b) next. Denote by Vm the 8-dimensional natural (sZ2)'^(C)-niodule. 
Choose a basis of Vi,i^i with basis vectors Xj-^j^.js^ Ji £ {0, 1}, such that xj-^j^j.^ is 
a weight vector of weight (1 — 2ji) of each subalgebra 0^, the i-th copy of 5/2 (C) in 
0. Moreover, we can choose the basis such that Fi{xijk) = <5i,o2^i,j,fc ^-nd Ei{xijf^) = 
Si^iXojky and analogously for E2, F2, E^ and F^. 

We have c = ^^^^ -E, A H, A F,. 

It is easy to compute that 

c(xiii A xooo A xiQo) = 

-a;oiia;ioo+a^iiia;iooa;ooo+a;ioia;oioa;ioo-a;ioia;oooa;iio+a;iioa;ooia;ioo-a;iioa;oooa;ioi 7^ . 
Therefore c(A'^Viii) 7^ {0}, hence Vm is not Poisson. Part(b) is proved. 

It remains to prove part (c). Let 14;^ be the four-dimensional natural sp(4)- 
module and let Vi^^^j be the natural SI2 x sp(4)-niodule. As in the proof of parts 
(a) and (b) choose u, u' G Vi such that u e Vi(l) and u' G Vi{—1) and v e V^-^ 
v' = Fa-, (v) and v" e V^i (-t^i). Denote uv = (w^v) A (u' ® v') A{u® v") e A^V. 
Wehavehy^c = EAFAH + E«,/3e7?(sp(4)) ^"'"i^^'^^ ^a A Ep A [E^a,E^p]. 
We obtain that 
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-Bai A E-^, A Ho,, (uv) e V{-1, ui) ■ uoi ~ ai) ■ V{1, -uji) 
and observe that indeed 

c - Eo,, A E-a,, A He,, (uv) e {V{~1, ■ V{1, m - ai) ■ V{1, -loi)Y . 

This impUes that c(uv) ^ and that Vi^^, is not Poisson. Part (c) and the 
proposition are proved. 

□ 

We now return to the proof of Theorem 13. 131 Now let = fli © 02 such that gi 
and 02 are two simple Lie algebras, and V\, and Vx^ simple Poisson 0i, respectively 
02-inodules and assume that (g, V) ^ {slmXsln, Kji^c^i). We will list the semisimple 
part g' C of the Levi subalgebras and the corresponding simple 0'-module V C 
V\i,\2 verifying that V\,,\2 is not Poisson. First, note the following fact. 

Proposition 3.15. Let g be a semisimple Lie algebra and V a simple Q-module 
such that suppg{V) has at least three simple factors. Then V is not Poisson. 

Proof. 

Note the following fact. 

Lemma 3.16. Let g ~ s^f o.nd let V = Vij,k be a simple finite- dimensional g- 
module with ^ {i,j^k}. Then V is not Poisson. 

Proof. Since Vi is not Poisson if ^ > 3 by Theorem 13.121 (f), we obtain from 
Theorem 12.251 that if Vij^k is Poisson, then i,j,k<2. li i = j = k = 1, then the 
assertion of the lemma agrees with the assertion of Proposition l3.14l (b). Now sup- 
pose, without loss of generality, that j = 1. Then Vij is not Poisson by Proposition 
13.141 (b) and V = Vij^k is not Poisson by Theorem 12.251 The lemma is proved. □ 

Suppose suppg{V) has at least three simple factors. We can find a Levi subal- 
gebra g' ^ s^f such that a highest weight vector v € V generates a 0'-submodule 
V' = Vij^k with i,j,k > 1. Hence V is not Poisson by the previous lemma and 
Proposition l6.6l The proposition is proved. □ 

Now we are able to complete the proof of Theorem 13.131 We assume that 
suppg{V) has two simple factors. In order to deal with most cases, it suffices 
to exhibit a Levi subalgebra g' C and a simple module V' Cg' V such that 
ig',V') e {{sh X sl2,Vi^2), {sh X sp(4), Vi^c^J} to show that (y,g) is not Poisson 
by Proposition 16.61 Since the choice is obvious in a large number of cases, and 
a complete list would, therefore, be rather long, we will list only the non-obvious 
choices. All these special cases except for the first one require to us to consider 
Levi subalgebras with three simple factors. 

(a) If = so(2n -I- 1) © 02 and V — K;i,a choose g' — sl2 x sh generated by the 
second node of the Dynkn diagram of so{2n + 1), resp. a node i of the diagram 
associated to 02 such that (A, Qj) > 1. Note that i?_Q,i (ui^ J e V^^, generates a three- 
dimensional simple sZ2-niodule for the subalgebra corresponding to the second node 
of the Dynkin diagram. Hence, we find a sl2 x s^2-submodule V = V2,i C V^2,a 
and V is not Poisson by Proposition [3Tl4] (a). 

(b) If = sin X 02, n > 4 and V = K,2,a, (resp. Kj„_2,a) choose 0' = (5^2 x 5^2) x 02 
generated by the first and third nodes of the Dynkn diagram An-i (resp. the last 
and third to last nodes) and 02- Let v^j^ be a highest weight vector in V^o^. Note 
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that ('^'1^2) G ^2 generates a four-dimensional simple SI2 x s^2-niodule Vi,i. 
Hence, we find a 5/2 x sh x 32 submodule V = Vi,i,a C K)2,a and V is not Poisson 
by Proposition 13. f 51 Similarly we obtain that Kj„_2 A Poisson. 

(c) If g = so{2n) © 02, and V = V^^.a, consider the Levi subalgebra of so(2n), 
isomorphic to sl^, generated by the {n — 2)nd, (n — l)st and the nth nodes of the 
Dynkin diagram _D„. It can be easily observed that if w G K;i(a;i) is a highest 
weight vector, then v' = Ea^_^ o . . . o Ea-^(v) generates a simple s^4-module V^^- 
We obtain that V is not Poisson by applying the argument in case (b). 

(d) If = so(8) © 02 and V = VL;.,a , i = 3,4 or = so(lO) © 02 and y = V^^^x , 
i = 4, 5 we argue analogous to case (c). 

(e) If = i?6 ffi 02 and V = Kji,a consider the Levi subalgebra sU C generated 
by the second, third and fourth nodes of the Dynkin diagram Eq (in the notation 
of [7]). If w e V^^ (wi) is a highest weight vector, then v' ~ Ea^ o Ea^ (v) generates a 
simple s/4-module Vaj2 ■ We obtain that V is not Poisson by applying the argument 
in case (b). 

The proof of Theorem 13. 131 is now complete. □ 



4. Quantum Symmetric Algebras 

4.1. The Quantum Group Uq{g) and its Modules. We start with the definition 
of the quantized enveloping algebra associated with a complex reductive Lie algebra 
(our standard reference here will be [8]). Let [} C be a Cartan subalgebra, ^(0) 
the weight lattice, as introduced above, and let A — (fly ) be the Cartan matrix for 
0. Additionally, let (•, •) be the standard non-degenerate symmetric bilinear form 
on f). 

The quantized enveloping algebra [/ is a C((7)-algebra generated by the elements 
Ei and Fi for i E [l,?"], and K\ for A € P{d), subject to the following relations: 
KxK^^Kx+^, Ko = lioTX,neP;KxE, = q(''"^^E,Kx, K^F, ^ q-^"' - F,Kx 
for i e [1, r] and A £ P; 

(4.1) E,,F,-F,E.^S.,^^^^ 

for i^j G [1,?^], where di — i^i^A-^ and the quantum Serve relations 

l — aij 1 — aij 

(4.2) {-iYe'^^-""'-''^e,e':^^ = 0' E ^.lYFl^-^^'^^p^pip) ^ 

for i ^ where the notation x'f^ stands for the divided power 



(i).---Wi' " ' i''-'r 



di 



The algebra [/ is a g-deformation of the universal enveloping algebra of the 
reductive Lie algebra 0, so it is commonly denoted by ?7 = Uq{Q). It has a natural 
structure of a bialgebra with the co-multiplication A : [/ — > J7 © C/ and the co-unit 
homomorphism e : U ^ ^^{q) given by 

(4.4) A{Ei)=E,®l + K„^®E,, I\{Fi) ^ F,®K^^^+l®F„ A{Kx) = Kx®Kx , 



(4.5) 



e{E,) = e{Fi) = 0, e{Kx) = 1 
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In fact, U is a Hopf algebra with the antipode anti-homomorphism S : U ^ U 
given by 

(4.6) S{Ei) = -K^^^E,, S{Fi) = -F,K^^, S{Kx) - i^-A • 

Let U~ (resp. J7°; C/+) be the Q(g)-subalgebra of U generated by Fi,...,Fr 
(resp. by Kx {X € P); hy Ei, . . . , Er). It is well-known that f7 = J/" • f7° • C/+ (more 
precisely, the multiplication map induces an isomorphism ® C/+ U). 

We will consider the full sub-category O/ of the category Uq{Q) — Mod. The ob- 
jects of are finite-dimensional [/g(g)-modules having a weight decomposition 

where each K\ acts on each weight space V^di) by the multiplication with q(^l^) 
(see e.g., [8 [1.6.12]). The category Of is semisimple and the irreducible objects 
are generated by highest weight spaces V^{X) ~ C{q) ■ v\, where A is a dominant 
weight, i.e, A belongs to P+ = {A € P : (Aja^) > V i £ [1,?"]}, the monoid of 
dominant weights. 

By definition, the universal i?-matrix R G Uq{g)®Uq{g)R has can be decomposed 

as 

(4.7) R = RqRi = R\Rf) 

where i?o is "the diagonal part" of i?, and Ri is unipotent, i.e., Ri is a formal 
power series 

(4.8) i?i = 1 ® 1 + (9 - l)xi + {q- lfx2 + • • • , 

where all Xk G U'^ ®c[q.q-^] U't j where U'~ (resp. U'^) is the integral form of 
C/+, i.e., U'~ is a C[(7, q^^]-subalgebra of Uq{g) generated by all Fi (resp. by all Ei) 
and U\ (resp. U\ ) is the A:-th graded component under the grading deg{Fi) =^ 1 
(resp. deg{Ei) = 1). 

By definition, for any V in Of and any highest weights elements u\ G U'^{\), 
Vfj, G l^''(At) we have Ro{u\ (g) v^) = g^^l'^^WA iX) w^. 

Let R°P be the opposite element of i?, i.e, R°p — t{R), where r : Uq{g)(E>Uq{g) 
Uq{g)®Uq{g) is the permutation of factors. Clearly, R°p — RoR'^ = R°^Ro- 

Following [H Section 3], define D G Uq{g)%Uq{s) by 

(4.9) D := Ro^R"/Ri = ^R^/RiRo . 

Clearly, D is well-defined because R°pRi is also unipotent as well as its square 
root. By definition, = R^pr^ D°pR = RD. 
Furthermore, define 

(4.10) R:= RD~^ = {D°P)-^R = Ri(^.Jr°pr[^ 
It is easy to see that 

(4.11) R°P ^R-^ 

According to p!3l Proposition 3.3], the pair {Uq{g), R) is a coboundary Hopf algebra. 

The braiding in the category O/ is defined by TZuiyi : IJi (g) ^ (g) IJi , 
where 

TZuiyi {u®v)= tR{u ® v) 
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for any u ^ U'' , v E , where t : W (^V^ ^ V (^W is the ordinary permutation 
of factors. 

Denote by C G Z{Uq{g)) the quantum Casimir element which acts on any irre- 
ducible [/q(g)-module in Of by the scalar multiple q'^^\^+'^p\ where 2p is the 
sum of positive roots. 

The following fact is well-known. 

Lemma 4.1. One has TZ^ — A(C^^) o (C(2)C). In particular, for each A, /i, G P+ 
the restriction of TZ^ to the v-th isotypic component ^ of the tensor product 
V\ ® V/l is scalar multiplication by I ^^+'^^' I ^^-^'^ I I >^+f^~'^) . 

This allows to define the diagonalizable C(g)-linear map Djjqyq : ^ 
by Duiyi{u^v) = Diw^v) for any objects U'^ and V of Of. It is easy to 
see that the operator Dyq yq : V^(S^V^ ®^ ''^'^^^ '^^ ^"^^ isotypic compo- 

nent q ^ in V^(S)V^ by the scalar multipHcation with g5( I I I )+(p I . 

For any and in C*/ define the normalized braiding crjjqyq by 

(4.12) cr(7,,y,(u (g) = T^(w » w) , 

Therefore, we have by (|4.10p : 

(4.13) (Juiy — Dv^v'^ui.yi — TZui.vDu^yq ■ 
We will will sometimes write ajjqyq in a more explicit way: 



(4.14) airqyq = yTlyl jjgTZj^fl ygTZuq yq =TZuiyiyTi-ulyqTi-ylyq 

The following fact is an obvious corollary of (|4.1ip . 

Lemma 4.2. cryq ijq o ajjqyq — iduq(^vi for any V^^V in Of. That is, a is a 
symmetric commutativity constraint. 

We also have the following coboundary relation (even though we will not use it). 

Lemma 4.3. [13, section 3] Let A'^,B'^,C'^ be objects of Of). Then, the following 
diagram commutes: 



(4.15) I 



C23 



where we abbreviated 

fTi2,3 := TAqcsB-^,c^ : (A« ® B«) C"? ^ C« ® (A? ® B«), 

^Ti,23 ^TA.,s.8C<j : A" ® (B« ® C«) ^ (B» ® C*) ® A'^ . 

Remark 4.4. // one replaces the braiding TZ of Of by its inverse TZ^^ , the sym- 
metric commutativity constraint a will not change. 
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4.2. Braided Symmetric and Exterior Powers. In this section we will use the 
notation and conventions of Section [4. II 

For any morphism f : iSiV^ ^ V i^V^ in Of and n > 1 we denote by Z*'*"'""^, 
i = 1, 2, . . . , n — 1 the morphism l/?'®" — > yj,®" which acts as / on the i-th and 
the i + 1st factors. Note that (Jy^^yg is always an involution on y?-®". 

Definition 4.5. For an object in Of and n > define the braided symmetric 
power S'^V^ C F'^'^" and the braided exterior power A'^V^ C by: 

S':V^ = n (^^^ '^M+i -^d)= fl (/m fT,,,+i + id) , 

l<i<n-l l<j<n-l 

A^F«= fl {Ker a,,,+i+id)^ f] {Im a,^,+i - id), 

l<i<n-l l<i<?i-l 

where we abbreviated ai^i^i = CyVyg • 

Remark 4.6. Clearly, ^TZ is also a braiding on Of and —a is the corresponding 
normalized braiding. Therefore, A'^l/' = S'l^V and S'JV = A'1^F«. That is, 
informally speaking, the symmetric and exterior powers are mutually "interchange- 
able". 

Remark 4.7. Another way to introduce the symmetric and exterior squares in- 
volves the well-known fact that the braiding TZyiyq is a semisimple operator V ® 
V — > V (E) V^, and all the eigenvalues of TZyiyq are of the form , where 
r G Z. Then positive eigenvectors ofTZvi.vi span S'^V and negative eigenvectors 
ofTlviy span . 

Clearly 5°V^* = C{q) , SlV^ = F« , A^T/* = C((?) , klVi = V^, and 

SlV ^{veV''®V''\ avq,v,{v) = v}, A^F" ^ {v V ® V \ av>,v>{v) - -«} ■ 

The following fact is obvious. 

Proposition 4.8. For each rt > the association S^V^ is a functor from Of 

to Of and the association V > A^y* is a functor from Of to Of. In particular, 
an embedding )■ in the category Of induces injective morphisms 

Definition 4.9. For any V G Ob(0) define the braided symmetric algebra S^iV'^) 
and the braided exterior algebra A^lV^) by: 

(4.16) SaiV) - T(F')/ (A2f«) , A^V'') = TiV'')/ {SlV'') , 

where TlV) is the tensor algebra of V and (!) stands for the two-sided ideal in 
T{Vv) generated by a subset I C T{V'^). 

Note that the algebras Sa-{V'^) and Ao-{V'^) carry a natural Z>o-grading: 

Ti>0 ri>0 

since the respective ideals in T{V'^) are homogeneous. 

Denote by Ogrj the sub-category of Uq{g) — Mod whose objects are Z>o-graded: 

^« - , 

n£Z>o 
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where each is an object oi Of] and morphisms are those homomorphisms of 
L'q(g)-modules which preserve the Z>o-grading. 

Clearly, Ogr.f is a tensor category under the natural extension of the tensor 
structure of O/. Therefore, we can speak of algebras and co-algebras in Ogrj- 

By the very definition, Sa{V'^) and Kaiy^) are algebras in Ogrj- 

Proposition 4.10. The assignments i-^ SaiV^) and ^ Acr(V) define 
functors from Of to the category of algebras in Ogrj. 

We conclude the section with two important features of braided symmetric ex- 
terior powers and algebras. 

Proposition 4.11. [6, Prop.2.11 and Eq. 2.3] Let he an object of Of and V* 
its dual in Of. We have the following Uq{g)-module isomorphisms. 

(4.17) {S^Vn* = SAV'')n, {A'^Vn* = A,(l/«)„ . 

Proposition 4.12. |^ Prop. 2. 13] For any in Of each embedding ^ V 
defines embeddings V^^ ^ S^V for all n > 2. In particular, the algebra SaiV) 
is infinite- dimensional. 

4.3. The Classical Limit of Braided Algebras. In this section we will discuss 
the specialization of the braided symmetric and exterior algebras at g = 1, the 
classical limit. All of the results in this section are either well known or proved in 
[6|. For a more detailed discussion of the classical limit we refer the reader to [6l 
Section 3.2]. 

We will first introduce the notion of an almost equivalence of categories: 

Definition 4.13. We say that a functor F : C V is almost equivalence of C and 
V if: 

(a) for any objects c,c' of C an isomorphism F{c) = F{c') in T) implies that c = c' 
in C; 

(b) for any object in d there exists an object c in C such that F{c) ^ d in V. 

Denote by Of the full (tensor) sub-category category of U{g) — Mod, whose 
objects V arc finite-dimensional U (g)-modules having a weight decomposition V ~ 
(Bfj_^pV{ii). The following fact will be the first result of this section. 

Proposition 4.14. [6j Cor 3.22] The categories Of and Of are almost equivalent. 
Under this almost equivalence a simple Uq{g)-module V\ is mapped to the simple 
U{g)-module V\. 

Let V ^ 0"^i Vx^ e Of. We call V ^ 0"^i Fa. G Of the classical limit of V 
under the above almost equivalence. 

Proof. First, we have to introduce the notion of (k, A)-algebras and investigate 
their properties. Let k be a field and A be a local subring of k. Denote by m the 
only maximal ideal in A and by k the residue field of A, i.e., k := A/m. 

We say that an A-submodule L of a k-vector space V is an A-lattice of F if i 
is a free A-module and k(S)A L = V, i.e., L spans F as a k-vector space. Note that 
for any k-vector space V and any k-linear basis B of F the A-span L = A • B is 
an A-lattice in V. Conversely, if L is an A-lattice in V, then any A-linear basis B 
of L is also a k-linear basis of V. 
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Denote by (k, A) — Mod the category whose objects are pairs V — {V, L) of a 
k-vector space V and an A-lattice L C V oi V; an arrow {V,L) — > {V',L') is any 
k-hnear map f : V ^ V such that f{L) C L' . 

Clearly, (k, A) — Mod is an Abelian category. Moreover, (k, A) — Mod is A-linear 
because each Hom{U, V) in (k. A) — Mod is an A-module. 

It can be easily verified that (k. A) — Mod is a symmetric tensor category ([6j 
Lemma 3.14]. We have the following fact. 

Lemma 4.15. 6, Lemma 3.12] The forgetful functor (k. A) — Mod — + k ~ Mod 

given by {V, L) >—>■ V is an almost equivalence of symmetric tensor categories. 

Define a functor : (k. A) — Mod ^ k — Mod by: 

T{V,L) = L/mL 

for any object (V, L) of (k, A) — Mod and for any morphism / : (V, L) — > {V', L') 
we define J-{f) : L/mL L' /mL' to be a natural k-linear map. 

Lemma 4.16. [6, Lemma 3.14] T : (k. A) — Mod ^ 'k— Mod is a tensor functor 
and almost equivalence. 

Let U he a k-Hopf algebra and let Ua be a Hopf A-subalgebra of U. This 
means that A{Ua) C Ua ®a Ua (where Ua Ua is naturally an A-sub-algebra 
of U (gJk U), e{UA) C A, and S{Ua) C Ua- We will refer to the above pair 
U = {U, Ua) as to (k, A)-Hopf algebra (please note that Ua is not necessarily a free 
A-module, that is, U is not necessarily a (k, A)-module). 

Given (k, A)-Hopf algebra U = (U,Ua), we say that an object V = {V,L) of 
(k. A) — Mod is a W-module if is a [/-module and L is an C/A-module. 

Denote hy U — Mod the category which objects are W-modules and arrows are 
those morphisms of (k, A)-modules which commute with the W-action. 

Clearly, for (k, A)-Hopf algebra U = {U, Ua) the category U — Mod is a tensor 
(but not necessarily symmetric) category. 

For each (k, A)-Hopf algebra U — {U, Ua) we define U := Ua/^Ua- Clearly, U 
is a Hopf algebra over k = A/m. 

The following fact is obvious. 

Lemma 4.17. 'W, Lemma 3.15] In the notation of Lemma \4. 16] for any (k, A)-Hopf 
algebra U the functor T naturally extends to a tensor functor 

(4.18) U-Mod^U-Mod. 

Now let 'k — C{q) and A be the ring of all those rational functions in q which are 
defined at q = l. Clearly, A is a local PID with maximal ideal m = (g — 1)A (and, 
moreover, each ideal in A is of the form m" = (g— 1)"A). Therefore, k :— A/m — C. 

Recall from Section 14.11 the definition of the quantized universal enveloping al- 
gebra Uq{Q).. Denote hx — and let Ua{q) be the A-algebra generated by all 
hx, X & P and all E^,Fi. 

Denote by Uq{g) the pair {Uq{g), Ua{q))- 

Lemma 4.18. (a) The pair Uq{Q) = {Uq{g),UA{Q)) is a {k, A) -Hopf algebra 
Lemma 3.16]j. 

(b) We have Uj^ = U{q) (\^, Lemma 3.17]/ 

Let Vx e Ob{Of) be an irreducible Uq{g)-module with highest weight A G 
and let vx G Fa be a highest weight vector. Define — Ua{0) ■ v\. 
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Lemma 4.19. 6, Lemma 3.18] (FA,it,J G Of{Uq{g)). 

The following fact is obvious and, apparently, well-known. 

Lemma 4.20. [61 Lemma 3.19] 

(a) Each object (V\,Ly^) is irreducible in O f{lAq{Q)); and each irreducible object 
of O f{Uq{Q)) is isomorphic to one of (V\, Ly^). 

(b) The category Of(Uq{g)) is semisimple. 

(c) The forgetful functor {V,L) ^ V is an almost equivalence of tensor categories 
OfiUq{g))^Of. 

We also have the following fact. 

Lemma 4.21. [6l Lemma 3.21] (a) The restriction of the functor Uq{Q) — Mod 
U{q) — Mod defined by {4-18^ to the sub-category Of{Uq{Q)) is a tensor functor 

(4.19) Of{Uq{2)) ^Of . 

(b) The functor {4-19^ is an almost equivalence of categories. 

Combining Lemma [4.201 and Lemma [4.211 we obtain Proposition 14. 141 □ 

The following result relates the classical limit of braided symmetric algebras and 
Poisson algebras.. 

Theorem 4.22. ^ Theorem 2.29] Let V be an object of Of and let aV in Of be 
be the classical limit of V . Then: 

The classical limit ScriV) of the braided symmetric algebra SaiV) is a quotient 
of the symmetric algebra S(y). In particular, dm\c{q) Sa{V)n = dimc(S'CT(T^)) < 
dimc^„. 

Moreover, Sa{V) admits a Poisson structure defined by — r^(uAv), where 

r~ is an anti- symmetrized r-matrix. 

4.4. Flat Modules over Reductive Lie Algebras. In [6] we introduce the no- 
tion of flatness of a J7g(0)-module. In this setion we will recall the definition and 
basic properties of flat modules and then proceed to classify all flat modules over 
Uqi^o), where g is any semisimple Lie algebra. 

We view S^iy^) and K„{V'^) as deformations of the quadratic algebras S{V) 
and A(l/) respectively, where V denotes the classical limit of V. In [6] we show 
that 

dim S^V^ = dim S^iV^n < ("^"'^'^^ " ') 

for all n. 

Therefore, it is natural to make the following definition. 
Definition 4.23. A finite dimensional Uq{g)-module is flat, if and only if 

( dim V"^ + n - l\ 

dim s^yi = f ^ j 

for all n > 0; i.e., the braided symmetric power S'^V is isomorphic (as a vector 
space) to the ordinary symmetric power S^V^ . 

The following theorem is our main result. 
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Main Theorem 4.24. Let g be a semisimple Lie algebra and Uq{Q) its quantized 
enveloping algebra. A simple Uq{g) -module V is flat if and only if its classical limit 
V is Poisson as a U{g)-module. 

Proof. 

The "only if assertion follows immediately from the following result. 

Proposition 4.25. P Theorem 2.29] IfV^ is an object of Of and V is flat, then 
S{V) is Poisson. 

Proof. Theorem l4 . 2 2 l asserts that the classical limit of Sa-{V'^) is a Poisson algebra. 
If y is flat then {S{V),r~) is a Poisson algebra and V Poisson by Proposition l3.6l 

□ 

It therefore, remains to show that if a simple g-module V is Poisson , then is a 
flat [/q(g)-module. Following the strategy of Section \3l2\ we will first consider the 
case when g is a simple Lie algebra and V a simple g-module. First assume that g 
is a simple Lie algebra and V a simple g-module. Recall from Corollary 16 . 341 that 
a simple g-module V\ is Poisson, if and only if V\ is rigid, hence the assertion of 
Theorem 14.241 follows immediately from the following result. 

Proposition 4.26. Let q be a simple Lie algebra and V\ a simple Q-module. The 
Uq{g) -module is flat if V\ is rigid. 

Proof. Indeed [6l Theorem 2.36] asserts that is flat, if V is rigid: We have 
dim S'^V = C^^T"^^) and ^ S'^V for n = 0, 1, 2. Employing a weU known 

result by Drinfeld ([HI Theorem 1]) about quadratic algebras it is shown in [6l 
Proposition 2.33] that is fiat if and only if S^V = (dim(v«)+2^_ gj^^^ dequanti- 
zation is an almost equivalence of the tensor categories Of and ©/(g) (Lemma 2201 
(c)), we obtain that in the notation around Lemma 16.191 the multiplicity of V^^ in 
SjV^iresp. AlV^) is (resp. J. 

Denote by c^^'^ (resp. c\ ^) the multiplicity of in S^V^ (resp. of in S^V\). 
We derive, arguing analogously to the proof of Lemma [6. 191 that < cj^'^ for all 

G P~^i5). Since c^'^ ^ c\ ^ for all fi € P'^^g), we obtain that if Vx is rigid and 
d^ — c\ ^ , then c^J'^ — c'l ^ for all ^ e P^ and hence is flat. The proposition is 
proved. □ 

Now consider the case when g is semisimple and V a simple g-module. Theorem 
I3.13l asserts that if supp{g) is not simple and V is Poisson, then supp{g) = sin x slm 
for some m,n > 1 and V isomorphic to the natural module V^^^^j^. We show in 
[51 Proposition 2.38] that the natural Uq{slm x s^„)-module is flat, its braided 
symmetric algebra isomorphic to the algebra of quantum m x n-matrices. Theorem 
14.241 is proved. □ 

Remark 4.27. A straightforward argument shows that if g is a reductive Lie al- 
gebra, then a Uq{g')-module V is flat «/ V^'^|;7,(b') a flat Uq{g')- module, where 
g' d g is the maximal semisimple subalgebra of g. 

5. Deformations of Symmetric Algebras of Poisson Modules 

In this section we will explicitly construct the braided symmetric algebras of flat 
modules, employing the relationship between geometrically decomposable modules 
and Abelian nil-radicals. 
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5.1. Quantum Radicals as Symmetric Algebras. Let Uq{g) be the quantized 
enveloping algebra corresponding to a Lie algebra q introduced in Section 14.11 De- 
note, as above, by W the Weyl group of g generated by the simple reflections Si 
for i £ [l,r]. Corresponding to each i £ [l,r] there exist maps Ti : Uq{g) Uq{g) 
defined on the generators of Uq{g) in the following way: 

(5.1) 

— CLij 

UE,) = -F,K^^ ,T,{F,) = -K-^E, ,T,{E,) = ^,(-1)'^-'^'^ qr'' E;^'^-' E,E^ , 

— aij 

W,) - ^(-l)^-'^--9fi^'=F,i^""-' ,T,(if,) = K,^^^ . 

k=0 

For every element w £ W with presentation w = Si-^^ . . . Si^. we define as Tm — 
Ts-_^ ■ ■ ■ Tg.^ . We will need the following well known fact. 

Lemma 5.1. [211 8.18] If w £ W , then T^, is independent of the choice of reduced 
expression; i.e. if w = ■ ■ ■ s-ik f^^d w — Sj-^ • ■ ■ Sj^ o,re reduced expressions of 
w €W, then 

T,. ...Ts. ^T,. ...Ts- . 
ill '"k 'jfc 

Recall from Section |4] that [/+ denotes the subalgebra of Uq{g) generated by the 
Ei for i G [l,r], U~ the subalgebra of Uq{g) generated by the Fi for i S [l,r] and 
Uq{b-) - the subalgebra of Uq{g) generated by all Kx and all Fi. 

Recall (see e.g. [211 ch. 8]) that we can associate to each reduced expression 
of the longest element wq £ W a PBW-basis of Uq{Q) in the following way: Let 
wq — a-i-^ . . . be a presentation of the longest word in W. It is well known that 
the set of positive roots R'^ of the Lie algebra g can be ordered in the following 
way: 

"(1) = ail < "(2) = o a2 <,■••<••• < "(fe) = . . . Sifc_iaifc , 

where aj denotes the j-th simple root. 

We define for each presentation of wq a set of positive roots spanning C/+ fol- 
lowing 21, ch.8]: 

-£'a(i) — Ei-^ , -Eq^jj =Ti-^{Ei^) , . . . , Ea^^^ — Ti^ ■ ■ ■ Tii__-^{Eii^) . 

Similarly, we define a set of negative roots spanning U" by: 

The following is the key definition for this section. 

Definition 5.2. For every element w in the Weyl group we define the quantum 
Schubert cell U{w) as 

u{w) = T^-i{Uq{b-))nu+ . 

We also have the following alternative description of quantum Schubert cells. 

Lemma 5.3. Let w £ W and wq be the longest element in W . Denote w' = WqW. 
We have 

u{w)^T^^,)-,{Uq{b+))nu+ . 
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Proof. We have T(„,)-i = T^^^-i = T^^T^-i, T^^^^^ = Tn,T^^, since Wq^ ^ wq. 
Note that r„„(C/g(b+) = {Uq{h-). Therefore, 

u{w) = T^-i{u,{b-)) nu+^ T„-i„,(f/g(b+)) n u+ . 

□ 

We win now consider quantum Schubert cells U{wa) where wa G W corresponds 
to subsets A C [l,r] in the following way. Let Wa be the subgroup of Delta 
generated by the simple reflections Si for i G A and denote by wq a the longest 
element of Wa- The element wa — wq^aWq is commonly referred to as a parabolic 
element of W. If pA is the standard parabolic subalgebra of g associated with A, 
then Wo, A is the longest element of its Levi subalgebra Ia- Denote the nil-radical 
by radA- Recall that pA splits as a semi-direct product pA = Ia x radA (see e.g. 
[20]). Additionally recall that any Hopf algebra H algebra acts on itself via the 
adjoint action: 

(5.2) ac?(a).6 = a(i)6S'(a(2)) 

The following theorem is the first main result of this section. 

Main Theorem 5.4. (a) Let g' be a reductive Lie algebra, pA a parabolic subalgebra 
with Levi Ia and radical radA- Lf radA cin Abelian Lie algebra, then U{wa) is a 
flat quadratic q- deformation of the symmetric algebra S(radA)- 

(b) The quantum Schubert cell U{wa) is a "LyQ-graded Uq{\.A) module algebra and 
U{wa) is the braided symmetric algebra of the Uq{lA)-module U{wa)i- 

(c) Moreover, let qa be the maximal semsimple submodule of [a- Then, U{wa) is 
a 'Lyo-graded Uq{QA) module algebra and U{wa) is the braided symmetric algebra 
of the Uq{Q a) -module U{wa)i- 

Proof. 

In order to prove Theorem [53] (a) we have to show that the classical limit q ^ 1 
of U{wa) is S{radA)- We call a root a G R{q) radical, if a ^ -R(fl') spanz{A). 
Recall that radA is spanned by Ea where a is radical. We obtain the following well 
known characterization of Abelian radicals. 

Lemma 5.5. Let g' be a redcutive Lie algebra, pA o, parabolic subalgebra with Levi 
Ia and radical radA- The radical radA is Abelian, if and only if all radical roots 
are of the form a = ai + ^j^i cjaj- 

Theorem 15.181 yields that U{uja) is generated as an algebra by the Ea for which 
a E i?^(g) is a radical root. 

We need the following well-known fact. 

Lemma 5.6. [n] Lemma 2.2] Let R+ = vu{R-) D R+ . Then, 

(5.3) ad[Ea){Ep) = [Ea,Ep]q = E^Ep - q^'^-"') E^E^ G span{E^, ■ - ■ EjJ , 

where a < 7i < . . . < 7a: < /3 and + . . .jk ^ + f3. 

We now obtain from Lemma 15.51 and Lemma 15.61 that if radA is Abelian, then 
U{wa) is a quadratic algebra and its classical limit is S{radA)- Theorem [53 (a) is 
proved. 
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Let US now prove part (b). Note first that Uq{lA) acts adjointly on U{'wa) 
by Theorem 15.181 We now obtain that if radA is Abelian, then Lemma 15.51 and 
Lemma [5.61 imply that ad{Uq{lA){U{wA))i) C {U{wA))i, and that, hence, U{wa) 
is a graded [/g([A)-module algebra. Denote by tta the canonical [/g([A)-module 
homomorphism tta ■ T{{U{wa))i) —>■ U{wa)- We obtain from Theorem 15.41 that 
the classical limit of the kernel ker(7r) is equal to the [/([A)-ideal generated by 
A^radA- Howe proves in [18|, ch. 4.6] that radA is weight-multiplicity-free and 
simple as a lA-module, as well as a gA-module, that means all weight-spaces are 
one-dimensional. Recall the following well-known fact. 

Lemma 5.7. Let g be a reductive Lie algebra. Then, dim(Homg{V\ ® V\, V^)) < 
dim V\ (/^ — A) . 

The lemma implies that radA®radA is multiplicity- free as a lA-module. Employ- 
ing Lemma 14.211 we obtain that [U{w a))i ® {U{wa))i contains a unique Uq{lA)- 
submodule Ext^iradA) such that its classical limit is isomorphic to A? radA- This 
implies that KI{U{wa))i = Ext'^{radA) = ker(7r) n (f7(wA))i ® {U{wa))i- There- 
fore, Uq{radA) — Scr{U{w a)i)- Theorem l5.4l (b) is proved. 

Part (c) can be proved analogously to part (b). Theorem 15.41 is proved. □ 

Call a t/g(g)-module geometrically decomposable if its classical limit is geomet- 
rically decomposable as a J7(g)-module. Theorem 15.41 (c) has the following conse- 
quence. 

Corollary 5.8. Let q be a semisimple Lie algebra and let V be a simple geo- 
metrically decomposable Uq{Q) -module. There exists a simple Lie algebra g' and a 
parabolic element wa G W{q') such that Uq{g) = Uq{QA) o,nd the braided symmetric 
algebra S^V^ = U{wa) o,s Uq{Q a) -'modules. 

Proof. The corollary follows immediately from Theorem 15.41 and the description 
of geometrically decomposable modules as Abelian radicals in Section 13.21 □ 

Many of the braided symmetric algebras obtained by the construction of Theo- 
rem [5]4] are well known examples of quantized coordinate rings of classical varieties. 
Our theory presents a unifying construction of these important examples. We have 
the following list according to [171 ch. 5]: 

• If g = slk and A = {1, . . . , n}/{z}, then U{wa) = Cg[Afatix(n-j)], the 
algebra of quantum i x [n ~ i)-matrices. 

• If g = so{2n -\- 1) and A = {2, . . . , n}, then U{wa) is the algebra of the 
odd-dimensional Euclidean space C'|^^^(C) introduced in '32] (see also 

m)- 

• If g = sp{2n) and A = {2, . . .n}, then U{wa) is the algebra of quantum 
symmetric matrices introduced in [ST] Theorem 4.3 and Proposition 4.4] 
and by [23] . 

• If g = so(2n) and A = {2, . . . ,n}, then U{wa) is the algebra of the even- 
dimensional Euclidean space Of-^{C) introduced in [32] (see also [30]). 

• If g = so{2n) and A = {l,...,n— l}orA = {l,...,n— 2, n}, then U{wa) is 
the algebra of quantum antisymmetric matrices introduced in [351 Section 
!]■ 
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• If g = i?6 and A — {2,..., 6}, resp. A = {!,..., 5} or g E7 and 

A = {1, ... 6}, then we obtain quantum algebras U{wa), which apparently 
have not been studied previously. 

We will now extend the result of Theorem 15.41 to some subalgebras, when rad^ 
is of Heisenberg type; i.e., the derived subalgebra [radA,radA] C rad^ is one- 
dimensional. Recall that an algebra U is called filtered, if [/ = IJ^q Ui with 
Ui C Ui+i and Ui ■ Uj C Ui+j. The associated graded algebra gr{U) of U is defined 
as gr{U) — 0^o^«/^i-i' where we set C/_i = {0}. The following result is the 
second main result of this section. 

Theorem 5.9. Let A C [!,?'] and let pA he the corresponding parabolic subalgebra, 
and radA its nil-radical. I/U^wa) is a filtered Uq{[ a) -module algebra, 

(a) then gr{U{wA)) is aUq{\.A)-niodule algebra and a flat q- deformation of S {radA), 

(b) and gr{U {w a)) is a Uq{QA)-niodule algebra, where qa is the maximal semisimple 
subalgebra of (a- 

Proof. 

The following fact is well known. 

Lemma 5.10. (a) If U is a filtered k-algebra, there are isomorphisms of vector 
spaces (f>n : C/„ 0Lo where Ui = Ui/Ui-i. 

(b) The isomorphisms induce an isomoprhism of k-algebras cf) :U gr{U). 

Another well known and important fact is the following. 

Lemma 5.11. Let A be a Hopf algebra, andU be a filtered A-module algebra. Then 
(f) : U gr{U) is an isomorphism of A-modules. 

Recall that an algebra A is called quadratic-linear, if A is the quotient of a free 
algebra C(a;i,...x„} by an ideal generated by elements of ®^^Q(C(a;i, . . . a;„))i, 
where (C(xi, . . ■x„))i denotes the i-th graded component. The following proposi- 
tion is a key step to proving Theorem 15.91 

Proposition 5.12. Let A £ [l,r]. IfU{wA) is quadratic linear, i.e. [Ea,Ep]q S 
{U(wa))2 for all radical roots a, (3 and U(wa) is a filtered Uq{{ a) -module algebra, 
then gr{U{wA)) is a Uq{\. a) -module algebra. 

Proof. If U{wa) is quadratic linear, then U{wa) is a filtered Hopf algebra. Hence, 
gr{U {w a)) is a f7g(lA)-module algebra by Lemma [5. Ill The proposition is proved. 
□ 

Note first that if U{wa) is filtered, then U{wa) must be quadratic linear. Hence, 
gr{U{wA)) is quadratic, and Theorem 15.181 and Lemma [5.61 vield that its classical 
limit is S{radA). Theorem 15.91 (a) is proved. 

Part(b) can be proved analogously. Theorem 15.91 is proved. □ 

We now obtain the construction of the braided symmetric algebra of the natural 
module of Uq{sp{2n). 

Corollary 5.13. Let g = sp{2n), q' = sp{2n + 2) and A = {2, . . . , n 4- 1}. The 

braided symmetric algebra S'cr(Kji) of the natural Uq{sp{2n)) -module V^j^ is isomor- 
phic to U{wa) as a Uq{sp(2n) -module. 
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Proof. Note that the maximal semisimple subalgebra gA of (a is isomorphic 
to sp{2n). Using Theorem I5.9( we have to show that U{wa) is a fihered Uq{lA)- 
module algebra. The radical roots corresponding to A are of the form ai +X]i=2 "^i' 
ai + . . . Qfj + 2aj^i + . . . + 2a„ + a„-|_i for j < n, and a^ax = 2ai + . . . 2a„ + Un+i- 
For convenience we will fix a reduced expression of wq such that the roots of sp{2n) 
are ordered as 

n+l n—1 

(5.4) Qfi < ai + q;2 < . . . < ^ < ^ Qfi + 2q;„ + a„+i < . . . < a„iax < ■ ■ ■ ■ 

i=l i=l 

We need the following fact. 
Lemma 5.14. The quantum Schubert cell U(wa) is quadratic linear. 

Proof. It is easy to see from (|5.4I) that ii a, f3 < Umax one cannot find a < 71 < 
■ ■ ■ 1^ Ik < 13 with /c > 3 such that a + /3 = 71 + . . . 7^. The assertion follows. □ 

The lemma implies that U(wa) is filtered. It remains to investigate the Uq(\.A)- 
action. 

Lemma 5.15. Let g' = sp{2n + 2) and A ^ {2,3, . . . ,n + 1} C [l,n + I]. Then, 
U{wa) is o, filtered Uq{lA) -module algebra. 

Proof. 

It is obvious from the definition of the adjoint action (j5.2p and the defining 
relations of Uq{Q') (see Section |4T|) that ad{Fi){U{wA)m) C U{wA)m for all m e 
Z>o and i G A as well as ad{K\){U{wA)m) C U{wA)m for all A G P{q')- It 
remains to check that ad{Ei){Ea. . . . Ea^^ ) G U{'WA)m for i G A and radical roots 
ttij^ , . . . , Oii^ . We prove this by induction on m. 

Let m — 1. Note that ad{Ei){Ea) C U{wa) for all radical roots a and all 
i G [2,n + 1] by Theorem 15.181 (b). If a = amax, then and (|5.3p and (|5.4p imply 
that ad{Ei){Ea) = G U{wa)- If a < amax, then (ajWi) = 1 and hence one 
cannot find 71 < . . . < 7/c < cimax with k > 2 such that a + a.^ = 71 + . . . + 7^, 
since {a + ai, uji) = 1 and (71 + . . . + jk, ^1) > k. We obtain that ad{Ei){U {w a)i C 
[/(«;a)i. 

Let TO > 1 and note that 

ad[E,){E^^^ . . . E^^^ ) = ad{E,){E^^^ . . . +g"^a., ad{E,)[Eo.^^ . . . E^,^^ ) , 

for some r G Z. The assertion follows immediately from the inductive hypothesis. 
The lemma is proved. □ 

Note that radA = V^i ©Vo as a sp(2n)-module. Hence, {gr{U{w a))i = V^^^V^ 
as t/q(sp(2n)-modules. Therefore gr{U{wA)) is a fiat deformation of S'(Kji ® Vq) 
by Theorem [5H 

Denote by Sym2 the J7g(sp(2n)-module homomorphism Sym2 ■ {VJ^ (BVq)'^'^ 
gr{U{w a))2, given by the relations defining the quadratic algebra f/r(?7(?«A)). Note 
that 

ker(5j/TO2) C VX ® VX ® VS ® VI © ® V,' C {V^ © ^0')^' • 
We have ker(S'yTO2) = © V^^ © Fg'' and obtain that 

ker(^2/TO2) n (yj^ yjj ^ yj^ © v^' . 
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Since Kji is multiplicity-free and weight-multiplicity-free and VJ^ Q)Vq ^ A^V^^, 
we obtain from Lemma 15.71 that, analogous to the proof of Theorem 15.41 indeed 
AJK;i = keT{Sym2)- Thus, the subalgebra of gr{U{wA)) generated by VJ^ is the 
braided symmetric algebra Sa-{VJ_^). 

Corollary [5Tl3] is proved. □ 

Remark 5.16. The braided symmetric algebra Sa{VJ_^) of the natural Uq{sp{2n)- 
module can be obtained, by an argument similar to the proof of Corollary \5.1S[ as 
the quotient of gr{U{w/^)) by the two-sided ideal generated by the copy of the trivial 
module Vq in gr{U{w/s.))i. 

Problem 5.17. Describe the q-deformed symmetric algebras associated to radicals 
of Heisenberg type, where the quantum radical U{wa) satisfies the assumptions of 
Theorem \5.9l These algebras cannot be braided symmetric algebras, but should 
provide examples for some more general concept of quantum symmetric algebra. 

5.2. Quantum Schubert Cells: PBW-Theorem and Levi action. Let g be 

a complex reductive Lie algebra, and let W be the Weyl group of g. In this section 
we prove a PBW-type theorem for quantum Schubert cells U{w) C Uq{g) associ- 
ated to w G W and show that if is a parabolic element of the W, then the 
Hopf subalgebra C/,j([a) C Uq{2) acts adjointly on U{wa) (for definitions see the 
beginning of Section fS.ip . 

The following theorem is the main result of this section. 

Theorem 5.18. (a) Let w G W be an element of the Weyl group W and U{w) 
the corresponding quantum Schubert cell. The monomials Eally ■ ■ ■ Ea^^) j satisfying 
£(^i) — if w{a) S R~{2), form a C{q) -linear basis ofU{w). 
(b) If w = wa €W is parabolic, then Uq{lA) acts adjointly on U{wa)- 

Proof. 

Prove (a) first. Recall the PBW-theorem for t/q(g). 
Proposition 5.19. [211 8.24]^ 

(a) The monomials Ea^^ • . . Ea^^^F^^^^^ . . . E^^^^ , with i^jj-), m^j) G Z>o and ji G 
P{q), form a C{q)-linear basis ofUq{g). 

(b) The monomials Ea^^^ ■ ■ ■ Ea^"^^ with tf^^-^ G Z>o form a C{q) -linear basis of . 

Similarly, the monomials -Fq^' . . ■ ^Q^k') with toj,) G Z>o form a C{q)-linear basis 
ofU~. 

Denote by i{w) the length of an element w G W . The following fact relates 
quantum Schubert cells. 

Proposition 5.20. (a) U{wq) = U+ . 

(b) Let w,w' £W such that wq = ww' and £{w) -\- £{w') = i{w()). Then 

U+ = U{wo) = Uiw)T^{U{w')) , U{w) n T^{U{w')) = C{q) ■ 1 c [/.(g) . 

Proof. We need the following fact. 

Lemma 5.21. Let a G -R^(g) and let w G W. 

(1) Ifw{a) G i?+(g), then T^{Ec,) G U+ . 

(2) Ifw{a) G i?-(g), then T^{E^) G Uq{b'). 
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Proof. Note first the following fact. 

Lemma 5.22. (a) Let (3 £ R+{q). Then, T.iEp) e U+ if s,{/3) E 

(b) Let (3 e R+ie). Then, T,{Ef)) e U{b^) if s^{(3) £ R^{q). Moreover, T^{Ep) = 

(c) Let 13 e R+{g). Then T,{FpKx) e Ug{b-). 

Proof. Prove (a) first. Let (3 — s^^ . . . s^j. (aj) and let w — s^Sij ... Si^. (not 
necessarily reduced). One has w{aj) — Si{(3) G It is well known that 

w{ak) G R^id) implies that £{wsk) = £{w) + 1. Hence there exist w,w' eW such 
that wq = wsjw' with £{wo) = £{e) + £{w') + 1. That implies that for some choice 
of reduced expression, £'u,(q^.) = T.^{Ej) = Ti{Ea) G . Part (a) is proved. 

Prove (b) now. Note that if /3 e R'^{q) and Si(/3) e then /3 = a^. The 

assertion follows from the definition of the Ti in (|5.ip . Part (b) is proved. 

In order to prove part (c) note first that the Ti are algebra homomorphisms and 
that Ti{Kx) G Uq{b~). The assertion now follows from an argument analogous to 
the proof of (a). The lemma is proved. □ 

Now, let w ~ . . . Si^ be a reduced expression of w. If w{a) £ i?+(g), then 
Si - . . . Si^ (a) e R'^is) for all I < j < k. Indeed if Si. . . . Si^ {a) e R~{s) for some 
1 J ^ fcj then there exist ji > 1 such that Si-_^_^-^ . . . Si^{a) — ag and Si-^ = 
sg. Hence, si^ ■ ■ ■ Si.^_^[—ai) — w{a) £ Recall the well known exchange 

•property of the Weyl group: Let w — Si^ . . . Si^ -^Si^ be a reduced expression of 
w G W. If w{ai) e R^{q), then there exists m < r < k such that 

^ir ■ ■ ■ ^ik + 1 ■ ■ ■ ^ik^i ■ 

In our case we obtain that s^^ . . . Si- _j has a reduced expression s^^ . . . Si^ _j = 
2S£, hence w has an expression 

contradicting the assumption that w — s^^ . . . s.^^ was reduced. It follows now 
inductively from Lemma [5. 221 that Tw{Ea) £ . Part (a) is proved. 

Prove (b) now. If w{oi) € and w ~ . . . Si^ is a reduced expression, 

then we can find, as in part (a) 1 < j < fc such that w = Si-^ . . . Si._-^seSij_^-^ . . . s^^ , 
Si-^-^ . . . Si^{a) ~ (ae). Employing the exchange property as in part (a) we have 
Sij^ . . .Si.^^{-ai) e R^is) and Sj^ ^ . S j^ (a) G R'^is) for I < ji < j < 32 < k. 
Arguing as in the proof of Lemma [5.221 (a) we obtain that Ti.^-^ . . .Tii_{Ea) — Eg, 
hence Lemma[5?22Kb) and (c) yield that Tiu{Ea) G Uq{h^). Lemma [5.211 is proved. 
□ 

Now we are ready to complete the proof of Proposition 15.201 Part (a) follows 
directly from Lemma [5.2ir b). since Wo{a) G R~{q) for all a G 

Prove (b) now. Let Wq ~ ww' and £{w()) — £{w) +£{10'). It follows from Lemma 
Em] that T^-i{Ea) e U+ or T^-i{Ea) e Ug{b-). Since T^„{Ea) G Ug{b-) we 
obtain that T^-i{Ea) G U{w') and E^ G T^{U{w')), ifT^-i{Ea) G U+ . Similarly 
we obtain that Ea G U{w) if T^,-i(£'q) G Uq{b^). The fact that the Ti are algebra 
homomorphisms and the PBW-theorem (Proposition l5 . 1 9i h) ) now imply that — 
U{wo) = U{w)T^{U{w')). 
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It is easy to see that U{w) D Tw{U{w') ~ C{q) ■ 1, because 

C{q) ■ 1 C T^-i{U{w) n T^{U{w')) c Ug{b-) n C/+ = C(g) • 1 . 
Part (b) and Proposition are proved. □ 

We can now complete the proof of Theorem 15.181 (a). Note that if w^^{aj) £ 
then T^~i{Ea^) £ Uq{b^). Since T^-i is an algebra automorphism we 
obtain that the monomials . . . with 4 = if w~^{ai) G R^[q) are elements 
of U{w). U{w) is an algebra, hence the linear span of the above monomials is 
contained in U{w). The monomials are linearly independent by Proposition 15.191 
hence it remains to show that they span U(w). Choose w' £ W such that w'w — 
Wq and £{w') + £{w) — ^(wq). We showed in the proof of Proposition 15.201 that 
E^\ . . . E^^^ G T-uj{U{w')) if £i — whenever w^^{ai) G -R^(fl). Hence we can write 
each u e U'^ by Proposition l5.19l as u = X^iLi ^i'^ii where the Ui e U{w) are linearly 
independent and u'^ G T^^{U{w')). It follows immediately that T^-i{u) G Uq{b^), 
if and only if T,^-iu[ E Uq{b^); i.e., if u'^ G C{q) ■ 1 for all i by Proposition 15. 20r b). 
Theorem 15.181 fa) is proved. 

We will now prove Theorem 15.181 (b). It suffices to show that the Ei,Fi, i G A 
and K\, A G P{g) which generate U{Ia) act adjointly on U{wa)- 

Proposition 5.23. (a) Let w G W. Then K\, A G P{q) acts adjointly on U{w). 
(h) Let wa E W be parabolic and let wq — Wq,awa- Lf i E A, then,Ei and Fi act 
adjointly on U{wa)- 

Proof. Prove (a) first. Let wq — w'w. In order to prove the assertion it suffices 
by Lemma lOl to show that T^>-i{ad{x){Kx)) G U+ for aU x e U'- and u G . 
We obtain that K\, A G -P(0) acts on U{w) since 

T^,-i{ad{Kx)u) = T^„-i{Kx)T^,-iuT^,-i{Kx) G U+ 

for all u G U{w). Part (a) is proved. 

Prove (b) now. We need the following fact. 

Lemma 5.24. Let w eW he an element of the Weyl group W, and ai,aj simple 
roots such that w{ai) — —aj. Then, Tw{Ei) — —FjKa. and Tw{Fi) = —K^ajEi- 

Proof. 

Recall that by the exchange property (see proof of Lemma r5.2ip we can choose a 
reduced expression w = w'si = s^^ . . . Si^Si of w such that Si+,„ ■ ■ ■ Si^. (ai) G 
Note that if w'{ai) = aj, then Ti„'{Ei) — Ej and Ti„'{Fi) — Fj We compute using 

T^{Ei) = Tl^{T,{E,)) - T^,{~F,K^^) = ~F,K^^ , 
TUF^) = -T;(T,(F,)) = T^,{K_^^Ei) = -K_^^Ej . 
The lemma is proved. □ 

Suppose that i G A. Note that Wf)\{oii) ~ —aj with j G A, and hence 
Tw^o,A)-^{Fi) = Ko^.Ej by Lemma[521 

Let u G U{wa)- We show that ad{Fj)u G C/"', if m G U[w) by computing 

T -1 {ad(Fi)u) = T -1 (Fi)T -i (u)T -i (K^a )-T -i (u)T -i (FAT -i (Ka ) = 
-K^^^E,T^-.Ju)K^^~T^-.Ju)K^^^E,K^^ G C/,(n+) , 
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because K-aiinKa. — q^m for every monomial m in U{w). Note that the proof 
does not require wa to be a parabohc element. However, the assumption will be 
needed to prove the assertion for the action of Ei. 

Choose i G A and choose a reduced expression wq = wq^aw such that E^q ^ = 
Ei. To complete the proof of the proposition it suffices by Theorem lS-lSr a*) to show 
that ad{Ei){Ea^^ . ..E^^J £ U{w), if i e A and E^^^ e U{w) for j e [!,£]. We use 
induction on £. 

Consider the case £ = 1; i.e., we have to show that ad{Ei){Ea) £ U{w) if i G A 
and Ea G U{w). Note that by our choice of wq we have that if < a for some 
root a, then E^ G U{w) by Theorem lS.lSr a). Lemma [5 . 6 1 vields that 

ad{Ei){Ea) G span(i;^i ■ ■ ■ E^J ' 
where a < 71 < . . . < 7fe < /3, and therefore ad{Ei){Ea) G U{w) as desired. 

Now consider the case when £ > 1. Note that by a straightforward calculation 

ad{E,){E^^^ ...E^^^)^ad{E,){E^^^{E^^^...E^^^)+q^E^^^ad{E,){E^^^...E^^^) 

for some r G Z, and hence ad{Ei){Eai^ ■ ■ ■ Ea^ ) G U{w) by the inductive hypothe- 
sis. Part (b) is proved. Proposition 15 . 231 is proved. □ 

Theorem l5.18l (b) is proved. □ 



6. Proof of Theorem 13.121 

6.1. Necessary Conditions. In this section we establish necessary conditions a 
weight A G P{0) has to satisfy if the simple module V\ is Poisson; i.e., we prove 
the "only if assertion of the equivalence of (a) and (f) in Theorem 13.121 Before 
we proceed with the proof of Theorem 13 . 1 21 we will have introduce some convenient 
notation. Since any finite-dimensional module V over a semisimple Lie algebra g 
splits as a direct sum of weight spaces V = ®^gp(g) we wiU use the abbre- 

viation V{fi)'^ = the "standard" complement of V{ii). Additionally 

we will use the notation and results from Appendix |51 
First we have to calculate c explicitly. 

Lemma 6.1. Let g be a semisimple Lie algebra of rank r and c its Casimir ele- 
ment. Then (up to a constant multiple ) 

(6.1) c = [ci2, C23] = ^"'"^'^^ -ga A [E-o..Ep] A E^p . 

Proof. Choose a basis Hi, . . . Hr for f) which is orthonormal with respect to 
the Killing form. It is well known that the Casimir element c is up to a constant 

c = J2aeRi^^ a)Ea <Ei E^a + J2l=i ® ^i- We calculate 

(6.2) c=[ci2,C23]= J2 ia,a){l3,l3)E^(^[E^a.,Ep](^E^[3 

r 

+ {a,a){Eo,(E>[E^a,Hi](g>H, + {a,a)Hi(g>[H,,Ea](g)E^a) ■ 
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It is easy to see that for all the sunimands X ®Y (g) Z we have {X, Y, Z} D {Ea : 
a e ^ and {X, Y, Z} n [E^o, : a e i?+} 7^ 0. The element c £ is skew- 
symmetric by Lemma l3.1f a). hence we can write c — f3eR+ A Xa,^ A -E-/3. 

It follows from that or all a, /? e 

Ea A Xa.fj A E^p = {a, a){(3, (3)Ea <Xi [E^a,Ep] ® E^p + otherterms . 

This yields that E^AX^^p AE^p = 6 (a, a)(/3, A [E.^, Ep] A E^p. 

Rescaling shows that the lemma is proved. □ 

The following result will now allow us to observe that large classes of simple 
modules are "too big" to be Poisson. 

Lemma 6.2. Let q be a complex simple Lie-algebra, P{q) its weight-lattice and 
R{q) C P{q) the corresponding root-system with basis S = {ai, . . .a„}. Denote by 
Wq G W the longest element of the Weyl group W. Let A G P^is) be o, dominant 
weight, such that Wq{X) = —A. IfVx is Poisson, then (2A — a^) G R{q) U {0} for all 
Ui such that (A,Qi) ^ 0. 

Proof. Let v\ e V\{\) be a highest weight vector, and suppose that 2A — ai ^ 
R{q) U {0}. Let ai be a simple root such that (A, ai) ^ 0. Since A is dominant, 
(A, ai) > 0. Set v' = (w) ^ 0. We have, by assumption, V\{-~\) ^ 0, since 
Wo (A) = —A, and clearly (ai|A) < 0. Therefore, we obtain for all v" £ Va(— A) 

Eci A Fa, A Ha, (v Av' A v") = cv ■ v' ■ v" -\-u , 

where u G {V{X) ■ V{X ~ a) • V{-X)y. If 2A - ai ^ R{s) U {0}, then Eaiv") ^ 
V{X - at) for all a G i?(g). Additionally, if 2A - Uj i Rie) U {0} for aU j G [1, n], 
then 2A is not a root, either, and hence Ea{v") ^ V{X) for all a G R{g)- Therefore, 
c{v Av' A v") ^ cv -v' ■ v" + u', where u' G {V (X) ■ V{X - a) ■ V{-X)f, as defined 
in the Appendix in Lemma [01 and (|8.ip . We obtain that c(v Av' Av") ^ Q and, 
hence, V\ is not Poisson. The lemma is proved. □ 

Lemma 16.21 has the following consequence. 

Proposition 6.3. Let q be a complex simple Lie algebra, not isomorphic to Eg or 
sln{C), and let X G P^(g). // V\ is Poisson, then 2 A — a-i G R{q) for all simple 
roots ai such that (A,ai) ^ 0. 

Proof. 

Recall the following well known fact. 

Lemma 6.4. Let q be a simple Lie algebra of rank r and let P{q) be its weight 
lattice, spanned by the fundamental weights uji, i — 1, . . .r , labeled according to [71 
Tables]. Denote by W{q) the Weyl group and by wq the longest element ofW{2)- 
We have Wq = 1 eW{Q) and: 

(a) if Q — sZr+i(C), then wo^LUi) — —uj^^i. 

(b) */0 = ^6; then wq{u}i) ~ —ujg, ^0(^3) — —^5 o-nd wo{lu2) = ~lu2 and wo{uj3) = 
-LJ3. 

(c) if 9 7^ slr+i,Ee, then wo(wi) = ~Wi for all i. 

Lemma 16.41 yields that the assumptions of Lemma 16.21 are satisfied for all A G 
P~^{q), if g is not isomorphic to either s/„ or Eq. Therefore, Proposition 16.31 now 
follows from Lemma [6.21 □ 

Another very useful result is the following. 
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Lemma 6.5. Let g = SI2 and Ve be a £ + I -dimensional simple sh-module. It is 
Poisson if and only if £ < 2. 

Proof. If £ = 0, 1, then Vi is Poisson, because A^Vi = 0. If £ = 2, then A^V2 = Vq 
is a trivial module and since S^V2 = Ve © V2 we obtain that Homg{A'^V2, S^V2) = 
{0} and hence V2 is Poisson. Now, suppose that ^ > 3. Let E, F,H he a, standard 
basis of sh- Since A^(s/2) = span{E A F A H) we have c = E A F A H. Choose 
a weight basis wq, • ■ • ,f£ of such that H{vi) — {£ — 2i)vi, E{vi) — ivi-i and 
F{vi) = {£ — i)vi+i. If, however, £ > 3, then it is easy to see that 

c{vi A Vq A Ve) ^ E A F A H{vi Avn A ve) = {-£'^)vi ■ vq ■ vg ^ Q . 

Hence, Ve is not Poisson, if ^ > 3. The lemma is proved. □ 

Another, very powerful tool will be a special case of Proposition 13. 91 Recall that 
a parabolic subalgebra p of a semisimple Lie algebra g is a Lie subalgebra containing 
a Borel subalgebra of g, and that p splits as a semidirect product g = I k n of a 
reductive Lie-algebra I, the Levi subalgebra and a nilpotent Lie algebra n, the nil- 
radical. Let [ = g' ® 3, where g' is a semisimple Lie algebra and 3 is the center 
of [. Recall that if is a simple g-module, then the VF-isotypic component of a 
g-module V is the submodule of V isomorphic to {Homg{W, V)) €5 W. 

Proposition 6.6. Let q be a semisimpleLie algebra, and let ip be a parabolic subal- 
gebra with Levi subalgebra t = g' © 3, where g' is semisimple and 3 is the center of 
[. Let V be a g-module, and let V split as an {-module into a direct sum of isotypic 
components V =i @Vi. IfV is a Poisson Q-module, then each Vi must be a Poisson 
{-module. Moreover, Vi must be Poisson as a q' -module. 

Proof. The Lie algebra g splits, in the notation of Proposition 13. 9( as a vector 
space into g = g'Qg'"*" where g'-*- = 3©n. Choose an [-isotypic component Vi. Denote 
by 5B be the set of all weights G f)* such that the weight spaces l^(/3) ^ 0. Consider 
the decomposition F = Vqj © Vg; where V<^ = 0^g(g V{(3) and Vc = ®7^b ^(7)- 
We need the following fact. 

Lemma 6.7. Let g and g' be as assumed in Proposition \6.6\ Let V be a finite- 
dimensional Q-module, and U <Z V an isotypic q' -module component of V . Let 
/3 £ *B and u{[3) £ U be a weight vector. Then Ea{vf3) G V<8\{0} implies that 

Proof. Let a £ R{g), and U/^ £ U{(3) for some /3 £ *B. Then, Eaiv/^) £ V{a + (3). 
Clearly {a -\- P) £ *B implies that a = {a + f3) — /3 lies in the Z-linear span of 
i?(g'), or, equivalently, in the Z-linear span of a basis of i?(g')- Since a root- 
system is determined uniquely by its basis, this implies that a £ i?(g')- Therefore, 
Ea{U) C Ve, if a 6 (i?(g)\i?(g')). Lemma[6J]is proved. □ 

We can now apply Proposition [32] by choosing Qsub = ' and Vi =Vi. Therefore 
V is Poisson if and only if Vi is Poisson as a [-module. The [-module Vi is Poisson 
if and only if Vi is Poisson as a g'-module fLemma l3.10p . Proposition [6]6] is proved. 
□ 

We can now derive the following criterion, which allows us to reduce the classflcation- 
problem to a few cases. 

Lemma 6.8. Let q be a simple Lie algebra, and let A £ -P^(g) be a dominant 
weight . IfV\ is Poisson, then (A|a) < 2 for all roots a £ i?+(g). 
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Proof. Consider the subalgebra get ~ Ea-(BE^ai(9i) C g. Clearly, ga is isomorphic 
to SI2 © (C^'^^'^Hs}-^ _ Denote by the vector space complement of g^ spanned by 
the for a ^ ±/3 e -R(g). Let v\ e Vx{X) be a highest weight vector in V\. Then, 
V generates a simple ((A,ai) + l)-dimensional g'-module and = V« © V/- as 
ga-modules. We have g^ C V^^ by Lemma [^771 We can now apply Proposition 
13.91 and obtain that if V is Poisson, then Ve is Poisson by Proposition 13.91 as a 
g'-module. Hence, Vg is Poisson as a s^2-module by Proposition l3.10l This implies 
that (A|a) + 1) < 3 by Lemma 15751 Part(a) is proved. The lemma is proved. □ 

We will now address the necessary conditions on A G -P^(g) by type of Lie 
algebra. 

6.1.1. The case of Q — sin- 

Claim 6.9. Let q = sin- IfV\ is Poisson then X e {wi, 2aji, Ci;2, w„_2, ^n-i, 2ti;„_i} 
Proof. Lemma 16.81 has the has the following consequence. 

Lemma 6.10. Let g — sin o.nd let A — Y!^"Zi ^i^i ^ dominant weight. IfV\ is 
Poisson, then £i < 2. 

Proof. 

Recall that if g = sin, i.e. of type An-i , then the highest root amax — '^i- 
Since {ai, ivj) = Sij for alH, j G [1, n — 1], we obtain that (amQa;|A) — 51]"= 1^ 
assertion now follows from Lemma [6.81 (b). □ 

It remains to prove that V\ is not Poisson if A = uji + ujj, i 7^ j, A = 2a;fc, 
2<fc<n — 2orA = ti;£ with 3 < £ < n — 3. We will consider them case by case. 

Lemma 6.11. (a) Let q = sin, n>i and let X = uji+ujn-i. Then, V\, the adjoint 
module, is not Poisson. 

(h)Let g — sin, n > 3, and let X = cui + ujj , 1 < i < j < n — 1. Then Vx is not 
Poisson. 

Proof. Prove (a) first. Denote by wq the longest element of the Weyl group 
W. It is well known that ■wo{uji) — —ujn-i, and hence wq{X) = —A. We know that 
X = uji + oJn-i = otmax, the highest root, since Vx is the adjoint module. It is easy 
to see that 2amax — o-i is not a root for alH G [1, n — 1]. Therefore, Vx is not Poisson 
by Lemma W% Part (a) is proved. 

Prove (b) next. Consider the Levi subalgebra Uj of g obtained by removing 
the first i — 1 nodes and the last n — j — 1 nodes from the Dynkin diagram An-i- 
Clearly, l^j- = slj-i+i © C"~^"^*~^, where C denotes the trivial s^„-module. Any 
vector ^ ua £ K\(A) generates an adjoint sZj_i+i-module, which is not Poisson 
by part (a). Therefore, Vx is not Poisson by Proposition l6.6I The lemma is proved. 
□ 

Now, consider simple modules of highest weight oji and 2uji for 3 < i < n — 3. 



Lemma 6.12. (a) Let q — sIq and X = uj^^. 
for all k > 1. 

(b) Let g = sin, n > 6 and let 3 < i < n — 
3 < i < n — 3. 



The simple module Vku^ is not Poisson 
3. If Vx is Poisson, then X ^ kuoi for 
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Proof. Prove (a) first. We have ujs ~ ^ai + 0:2 + fas + Q!4 + ^015. It is 
easy to see that 2kujs — ai is not a root for all i G [1,5], since the highest root is 

oimax = Ylii=\ C'i- Part(a) is proved. 

Prove (b) next. Consider the Levi subalgebra li-2,i+2 of g obtained by removing 
the first i — 3 nodes and the last n — i — 3 nodes from the Dynkin diagram An-i. 
Clearly, [1-2,1+2 — sIq ® C"~^ . Any vector 7^ Vki^. £ VkLu.{kuji) generates an 
s^g-module isomorphic to Vkuj3, which is not Poisson by part(a). Therefore, Vkuji is 
not Poisson by Proposition 16. 61 The lemma is proved. □ 

The following lemma addresses the last case. 

Lemma 6.13. (a) If g — sl^, then V2U2 not Poisson. 

(^) V 9 = sin, n > 4, then ¥2^2 ^.i^d V2un-2 '^''^ Poisson. 

Proof. Prove (a) first. We have 2uj2 = ai + 2a2 + a^, and wo{2uj2) = —2uj2 by 
Lemma [6.41 It is easy to see that Aujs — ai is not a root for all i G [1,3], since the 
highest root is amax = '^i- Part(a) is proved. 

Prove (b) now. Consider the Levi subalgebras [1,3 and [„-3,„-i of g obtained 
by removing the last n — 3 nodes (resp. the first n — 3) from the Dynkin diagram 
A„_i. Clearly, (1,3 9i [„_3^„_i ^ sh © C"-3. Any vector wa^, E ^"2,^2(2^^2) 
(resp. 7^ V2uj^_2 G V2t^„_2 (2'^n-2)) generates an s^3-module V2UJ2 which is not 
Poisson by part (a). Therefore, V2UJ2 ^^ot Poisson by Proposition l6.6l The lemma 
is proved. 

□ 

Claim l6^ is proved. □ 
6.1.2. The case of q — so{2n + l). 

Claim 6.14. Let g — so{2n + 1). // Vx is Poisson, then X — uii or (g, Pa) — 
Proof. 

Consider first the case of g = so(5). Let {ai,Q;2} be a basis of the rootsystem 
i?(g). The fundamental weights are uji — ai+a2 and lu2 — ^ +a2 and the highest 
root is amax = ai + 2a2 = 2u!2. It is easy to verify that if A G ^'^(g) and the weight 
2X — ai G -R(g) for some i = 1,2 imply that A G {uji,0J2}. Employing Proposition 
16.31 we obtain immediately that if V\ is Poisson, then A G {^1,0^2}. 

We now consider g = so{2n + 1), n > 3. Let i?(g) be the corresponding root 
system and let {ai, a2, . . . , an} be a basis. The fundamental weights are, for 1 < 
i < n — 1, 

LUi = Qfi + 2a2 + .. .{i- l)a.t-i + i{a, + . . . q;„) 

= ^(ai + 2a2 + .. . nan) ■ 

The highest root is amax = ai + 2a2 + . . . + 2a„. It is easy to verify that for 
A G P~^{q) and 2A — ai G R{g) for some i G [l,n] imply that X = uji or, in the 
case n = 3, A = 073. We now obtain immediately from Proposition [63] that if V\ is 
Poisson and n > 4 then X — lui. 

Consider the case n = 3. We have to show that is not Poisson. Note 
that A = IJJ3 = + a2 + ^a^ and amax = «! + 2a2 + 2a3. Let v G Vi^^{uj3), 
v' = Ea^iv) and v" = Ea^^^{v'). Clearly v' 7^ 0, v" 7^ 0, w' G K^al^ai +02 + ^03) 
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and v" e Vu)3{—iOd)- Consider roots, a,/3 £ R^{q)- We have for all a,/3 £ R{q)j 
A [£^-0,^/3] A £;_^(w A 1-' A 1;") - ^(^■') • • ' 

i=l 

where ^(7^) e V^(7i), w(7-) e ^(7-), and ^(7-') G "1^(7-') such that 7^ + 7- + 7-' = 
\ai + a2 + ^aa. We obtain that (7i,7j',7f ) = (ws, 5^1 + 0:2 + 5^3, -t^Js), if and 
only if (a,/3) e {(03,013), (omax, "maa;)}- Denote by 

C = -fcag A 03 A H £q„„,. a Ojnaa; A • 

We obtain that 

(c - c'){v Av' A v") G (v^,ii03) ■ V^,{^ai + 02 + ^aa) • VL3(-^3)) C S'3K^3 . 

A straightforward calculation shows that c'{v ■ v' ■ v") ^ 0. 

This implies that c(u A w' A v") ^ and proves that V^^ is not Poisson. Claim 
16.141 is proved. □ 

6.1.3. Type g ~ so(2n). 

Claim 6.15. Let g — so(2n). 1] V\ is Poisson, then A = wi or n G {4,5} and 
A e {tj„, w„_i}. 

Proof. Let {ai, 02, . . . , On} be a basis of i?(g). The fundamental weights have 
the form 

= Oi + 2a2 + (i - l)ai-i + + . . . + ari-2) + ^«(ari-i + "«) , 
w„_i = i ^ai + 2^2 + ••• + ("- - 2)q!„_2 + ^"-"n-i + ^('^ - 2)q;, 

w„ = i ^ai + 2q:2 + . . . + (n - 2)a„_2 + ^{n - 2)q!„_i + ina. 

The highest root is amax — ai + 2a2 + . . . + 2a„_2 + Q^n-i + c^n- It is easy to 
verify that if the weight 2A — G R{q) for some A G P+(0), then X — uJi or, in 
the case of n = 4, 5, A = ujn and A = ujn-i- Therefore, we obtain immediately from 
Proposition l6 .31 that if V\ is Poisson, then A = wi, or n G {4, 5} and A G {w„, a;„_i}. 

Claim l6J5l is proved. □ 

6.1.4. Type q ~ sp{2n). 

Claim 6.16. Let g ~ sp{2n). IfV\ is Poisson, then X — uji or{g,V) — (sp(4),K;2). 

Proof. If n — 2, we have sp(4) ^ so(5) and we obtain from Section [6. 1.21 that V\ 
is not Poisson, unless A = tj^ for i = 1, 2. 

Now, let us continue with the case of g = sp{2n), n > 3. Let {ai, . . . , a„} be a 
basis of R{q). The fundamental weights have the form 

= ai + 2q;2 + ...(«- l)ai_i + i{ai + . . . + + ^ctn) 

for i < n, and the highest root is dmax ~ 2ai + 2q:2 + ■ ■ ■ + an- It is easy to 
verify that if A G P^is) and 2A — G R{g) , then X = ui. Therefore, we obtain 
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immediately from Proposition 16.31 that if V\ is Poisson, then X = ivi. Claim [67T61 is 
proved. □ 

6.1.5. The exceptional Lie algebras. 

Claim 6.17. Let q be an exceptional complex simple Lie algebra. If Vx is a non- 
trivial simple Poisson module, then q = Eq and A G {uji^loq}. 

Proof. The Dynkin diagram Eq contains two subdiagrams of type and 
one of type and Levi subalgebras isomorphic to so(lO) ® C and sIq © C. Let 
A = X]i=i^f^i G P^{q)- We obtain that vx G ^4(A) generates a so(10)-module 
Vx' , where A' — £iuji + £3102 + iiUJ^ + £2^5 and an sZe-module Va", where A" = 
£i<jJi + 2_/i=2 ^i+i'^i- Note that we are only adjusting notations from [7] for the 
various root systems ^5, D5 and Eq. Applying ProDOsition l6.6l to the corresponding 
Levi subalgebras and the results of Sections 16.1.11 and 16.1.31 we obtain that if Vx 
is Poisson, then A = uji, if i — 1,2,6. When considering the case Eq, we cannot 
apply Proposition 16 . 31 to all weights A, because the longest word in the Weyl-group 
associated to Eq does not send all dominant weights A e -P^(fl) to — A G P{q)- Since 
'-^2 = Oimax we immediately see that V^.^ is the adjoint module. Clearly, 2amax — ctj 
is not a root for all j € [1,6], and hence is not Poisson by Proposition 16. 31 

Next, let g = Ej. Denote by R{g) the corresponding root system and by P{g) 
the weight lattice. It is easy to derive from the tables in [71 Tables] that there exists 
no A G P^is) such that 2X — ai G R{q) for any i G [1,7]. Therefore, Proposition 
16.31 vields that there is no A G P^{q) such that Vx is Poisson. 

Now, let g = Es- Denote by R{g) the corresponding root system and by P{g) 
the weight lattice. It is easy to derive from the tables in [Tj Tables] that there exists 
no A G P^{Ej) such that 2A — G R{q) for any i G [1,8]. Therefore, Proposition 
16.31 vields that there is no A G P'^{q) such that Vx is Poisson. 

As the second to last case, we we will consider the case of g — F4. Denote 
by R{g) the corresponding root system and by P{g) the weight lattice. It is easy 
to derive from the tables in [71 Tables] that there exists no A G P^{q) such that 
2A — a-i G R{q) for any i G [1,4]. Therefore, Proposition 16.31 vields that there is no 
A G -P^(g) such that Vx is Poisson. 

Finally, let g = G2. Denote by R{q) the corresponding root system and by 
P(g) the weight lattice, {01,0:2} a basis of The fundamental weights are 

LUi = 2ai + 02 and lu2 — 3ai + 202, and the highest root is amax = uj2 = Sai + 202 . 
It is easy to verify that if A G P^{s) and 2A — Oi G R{g) for some i G {1,2} then 
A = 071. Therefore, if Vx is Poisson then A = cji by Proposition 16. 31 

Now, let X — uji. Let v G V^-^{uji) and v' — Ea^{v) G + 02) and 

v" = i?3Qi+2Q2(^') S wi). It is easy to see that v' ^ and v" ^ 0. As in the 

discussion of the so(7)-case we have for all a,f3 G R{q), w{li) € 1^(71)7 

k 

Ea A [E^a,Ep] A E^p{v Av' A v") = ^ w{j,) ■ w{-f',) ■ w{j'/) , 

2=1 

and w{j-) G V{j-), wi^f") G 1^(7-') such that 7i + 7-+7-' = 01+02- We obtain that 
ili^lilt) = (wi, 01+ 02,-01 -02) if and only if (o,/3) G {(oi, oi), (o„a^, o^aa:)- 
Denote by 

/ (oi,Oi) A - A 7-^ , (Omaa: 5 O^Tiaa,) ^ a t-^ 
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This implies that 

c - c' e • v^Mi + "2) • v^A-^i)Y c s^v^, . 

A straightforward computation yields that c{v A w' A v") / 0. Hence, VLj is not 
Poisson. That concludes our discussion of the case g = G2. 

Claim l6T7l is proved. □ 

6.2. Sufficient Conditions and Rigidity. In order to prove the remaining asser- 
tions of Theorem 13.121 it now suffices to show that for all the modules V\ listed in 
Theorem 13.121 (f). we have that Homg{A^V\, S^Vx) = {0}, since this implies that 
Vx is Poisson by Proposition l3.3l The decomposition of the symmetric and exterior 
powers of the geometrically decomposable modules and the sp(2n)-module are 
well known. As a reference see (e.g.[TB]). In particular, in the case of g = sin the 
decompositions of symmetric powers of the geometrically decomposable modules 
Vx are well known results from classical invariant theory, in the remaining cases the 
symmetric powers have been computed by multiple authors (see e.g. [34]). 

The decomposition of the exterior powers of the simple geometrically decom- 
posable modules and the sp(2n)-module V|^j are computed in a beautiful way by 
Stembridge in |36j ; the decomposition however was already well known through 
the calculations of Lie algebra cohomology of nilradicals by Kostant ([IS]). One 
immediately obtains from these results that Homg{A^Vx, S^Vx) = {0}. 

We are, however, interested in proving a stronger result which will be useful in 
the classification of flat modules in Section [44l 

In [^ we introduced a lower bound for the dimension of the symmetric and 
exterior cube, and correspondingly we construct a minimal submodule contained 
in the symmetric and exterior cubes. We will use the notation 

(6.3) V^" 

for the space of highest weight vectors of weight /i in a finite-dimensional g-module 
V. For dominant \,^,v^ P'^i^) denote ^ = Aim{Vx®V^Y ~ dimc(i?omg(K, Vx® 
V^); i.e., c\ ^ is the tensor product multiplicity. And for any A, /i G ^^(0) denote 
c+.^ = dim(S'2VA)^ and c^.^ = dim(A2V3^)^ , so that c+.^ + c^^ = c'^^^. Uhimately, 
define: 

We need the following definition. 
Definition 6.18. We will call the g-module Sf^^Vx = 0^ep_^ cmax(<il',o) ^ 
"lower symmetric cube" of Vx, and similarly Af^^Vx — 0pgp_^ £;max(-d^,o) ^ 
the "lower exterior cube". 

The definition is motivated by the following fact. 

Lemma 6.19. There exist injective homomorphisms of Q-modules from Sf^^Vx ^ 
S^Vx and Al^Vx ^ A^Vx. 

Proof. By definition of S^Vx, one has: [S^VxY = (S^Vx ® VxY n {Vx ® S^Vx^. 
Therefore, we obtain the inequality: 

dim{S^VxY > dim(S'2VA ® VxY + dim{Vx ® S^Vx)" - dim{Vx ® V3, Vx)" 

= dim{S^Vx Vx f - dim{Vx «) A^VxT = '^a • 
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The existence of injective homomorphisms of g-modules from Sf^^Vx ^ S^Vx fol- 
lows and the assertion for A^Vx can be proved analogously. □ 

We say that a g-module Vx is rigid, if Sl^Vx = S^Vx and Af^^Vx ^ A^Vx- The 
following theorem is the main result of this section. 

Theorem 6.20. Let q be a simple Lie algebra. A simple g-module is rigid, if and 
only if (g, V) is one of the pairs listed in Theorem \3.1S\ (f). 

Proof. We will first prove the "only if assertion. Note the following fact 
connecting rigid and Poisson modules. 

Proposition 6.21. // a simple g-module Vx is rigid, then Homg{A^Vx, S^Vx) = 
{0} and Vx is Poisson. 

Proof. It is easy to see that 

dimiHomgiA^Vx, S^Vx)) = ^ max(d^,0) • max(-d^,0) = . 

AI6P+ 

We immediately obtain Homg{A^Vx, S^Vx) = {0}, and hence, that Vx is Poisson. 

□ 

We obtain from Proposition 16.211 and the arguments in Section 16.11 that if V is 
rigid, then (g, V) must be one of the pairs of Theorem 13. 121 (f). 

The proof of the converse will consist of the following steps for each of the listed 
simple modules Vx. 

(1) Determine the decomposition S^Vx and A^Va, as well as S^Vx and A'^Va- recall 
from above that the splittings of the symmetric and exterior powers of the modules 
in question are well known (see e.g. [181 chapter 4]). 

(2) Suppose Vfj, appears with multiplicity one in S^Vf^. Show that c?^ = 1. Similarly, 
if V^ appears with multiplicity one in A^V^. Show that = —1. 

In order to further simplify our computations note the following fact. Recall 
that if g is a semisimple Lie algebra and r a graph automorphism of the Dynkin 
diagram, then r induces automorphisms Tg : q —> q, Tp : -P(g) —>■ -P(g). 

Lemma 6.22. Let q be a semisimple Lie algebra and let t be a graph automorphism 
of the Dynkin diagram of g . 

(a) We have for the tensor product multiplicities = c^(^]- Similarly, if S^Vx = 
0, then S^V^^x) = 0, and if A" Vx = 0, , ^then A"K(a) = 0, K(..) • 

(b) If the simple Q-module Vx is rigid, then V^(a) is rigid. 

Proof. Part (a) is well known, and (b) follows immediately from (a). □ 

In order to accomplish Step (2) we will need a generalization of the tensor product 
stabilization of the Littlewood-Richardson rule to other types of simple Lie algebras 
by Kleber and Vishwanath (J24| and [38j). Let g be a complex simple Lie algebra 
of type Xn, X G {A, B, C, D}. We denote for a triple X,n,iy e P+(g) = P+{X„) 
of dominant weights the tensor multiplicity c'^ f^{Xn)- 

We first recall the Littlewood-Richardson rule for g — sln+iiC); i.e. the Dynkin 
diagram of g is of type A„: For dominant weights A — J2'^=i ^i^ii f- — X]"=i "^i^i 
and v = J27=i ^i^i O"^^ "^A,/i(^n) — c5;_^(v4„i) for all m > n if 
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n n 



+ rni) = . 



This phenomenon is commonly referred to as tensor product stabilization (see 
e.g. [21]). 

Next, let fl be a complex simple Lie algebra of type Xn, X e {B, C, D}. Following 
ideas of [38l Ch. 6, Corollary 3] we call a weight 7 e P{2) — P{Xn) A-supported, 
if 7 = X]i=r^ CiUJi. This means that 7 is supported entirely in the A^-part of the 
Dynkin diagram X„. Note that if a weight 7 = X^il^i '^i^i ^-supported in P(X„), 
then it is ^-supported in P{X„i) for all m > n. One obtains the following fact. 

Proposition 6.23. [381 Ch. 6, Corollary 3, Remark 10.1] Let g be a complex 
simple Lie algebras of type Xn where X G {,5,(7,13}. If G P'^{Xn) are 

A-supported, then 



We will now show, case by case, that the modules in question are indeed rigid. 
Since the computations are rather long but straightforward, we include the complete 
proof in only one nontrivial case ((g, V) ~ {sin, ^2^1)). Complete calculations can 
be found in [IT] . 

6.2.1. The case g — sZ„. 

Proposition 6.24. If g = sin, then the simple module V — V\ is rigid, if X € 
{ivi, 2cJicj2, w„_2,cj„_i, 2ci;„_i}. 

Proof. By Lemma [6.221 it suffices to consider the case of A e {oji, 2loiU)2]- 
Lemma 6.25. Let g = sin, n > 7. We have the following: 

(a) Let V = V^,. We have S^V = ¥2^, , S^V = ¥3^, , A'^V = V^^ and A^V = V^., . 

(b) ^Ei Theorem 3.1, Theorem 4.4.2] Let V = ¥2^,. We have S^V ^ V^^, © ¥2^^, 
A'^V ^ V2u,+U2, S^V ^ Ve^, © V^2a;i+2c^2 ® "^2u;-3 and A^V ^ © ^3^2- 

(c) ^^ Theorem 3.8.1, Theorem 4.4.4] Let V = V^^. We have S'^V = V2u^^ © K.^, 

A^V ^ K;i+^3; S^V ^ ^30^2 © K>2+c^4 © ^2.^3 • 

It remains to show the following. 
Lemma 6.26. Let g — sin, n > 7. 

(a) If X = uj\, then d^_^ = 1 if X — 3uji, and d^_^ — —1 if X = 0J3. 

(b) If X = 2wi, then d^^_^ ^ I if X e {6lui,2uji + 2a;2,2a;3} and d^^_^ = -1 if 
X e {SuJi + a;3, 3^2}- 

(c) If X = UJ2, then d^^^ =1, if X e {3tJ2,^^2 + ^i,^^} and d^^^ = -I, if X e 
{2uJi + 2^3}. 



Computing the decompositions manually (or using the computer algebra system 
LIE [37 ) for n = 7, and applying the Littlewood Richardson rule for all n > 7 we 
obtain 




{X„i) , m>n. 



Proof. 



We have for S'^V^^ (g) V^^: 



'2cJi 



1 ,c; 



= , 
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if A ^ wi. For A^K;^ ® K;i we obtain: 

„W3 = 1 c'^ =0 

if A 7^ Wi- Part (a) is proved. 

We have for the factors of S^V2ui- 

for A e P+(0), unless (A,a>i) > for some i >7. 

V t9-tV ■ „2uJi+2uJ2 _ 1 Wi+CJ2+tJ3 _ 1 „2tJ3 — 1 — n 

^'2^2 l'2wi • ^2c^2,2wi ~ ^ '^2cJ2,2cJi " ^ '^2w2,2wi ~ '''2w2,2[^i " ^ ' 

for A € P^{q), unless {X,uji) > for some i>7. 
For A^V2u,,: 

Vn , 6?)IA • r^'^i+'^a _ -1 2wi+2w2 _ i 3wi+a)3 _ 3^2 _ i 

f2a;i+i^2^^2wi ■ '-2aJi +0^2 ,2ti;i ~ ' '-'2a)i +l^2 ,2a)i ~ i ^2wi+lJ2,2wi ~ ' ''2a;i+a;2,2a;i ~ i 

wi+ii;2+'^3 — 1 /■-'^ 

'^2uJi+ui2-2uJi ~ ^ I ^2ti;i+a)2,2ti;i — " i 

for A £ P+(g), unless (A,Wi) > for some i>7. Part (b) is proved. 

Proceed similarly to prove part(c). We can now read off the d'^ mentioned in the 
Lemma. The lemma is proved. 

□ 

We obtain that the simple s^„-modules Kj^, V2U11 and are rigid for n > 7. 
In the case of n < 7 one can prove the assertion of the proposition by direct 
computation (e.g. using LIE). Proposition 16. 241 is proved. 

□ 

6.2.2. The case g = so(k). Next, we will proceed with the case when, g = so(fc). 

Proposition 6.27. Let g = so(k) and V = Kji • Then V is rigid. Moreover, 
V — V\ is rigid, if g = so{8) and A = {uj3,u!4} or if g = so(lO) and A = {w4,a;5}. 

Proof. 

Lemma 6.28. [31][3S1 Let g = so{k), k>9. Then S'^V^, ^ V2uj, © Vq, A'^V^, ^ 
V^2, 'S'^K.! = Vs^, © Vuj, and A^V^^ ^ V^^. 

Lemma 6.29. Let g — so{k), k > 9. If fJ. £ {3uji,uji}, then df^_^ — 1. If = uj^, 
then di", = -1. 

Proof. Analogous to the proof of Lemma [6.261 □ 

We obtain the assertion of Proposition 16.271 for fc > 9 from Lemma 16.281 and 
Lemma [6.291 The assertion for the remaining cases of fc < 8 and the case k — 10, 
A G {^^4,075} can be verified directly (e.g. using LIE). Proposition 16.271 is proved. 
□ 
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6.2.3. The case g ~ sp{2n). 

Proposition 6.30. Let g = so{2n) and V — Vuj^- Then V is rigid. 
Proof. 

Lemma 6.31. [IH],[SS] Let g = sp{2n) with n > A and let V — V^^. We have 
S'^V'^ V2u,, and K^V^ V^^ © Vq. Moreover, S^V V^^, and K^V ^ V^, ® V^., . 

Moreover we have the following fact. 

Lemma 6.32. Let q ~ sp{2n), n > A. We have that df^_^ ^ 1, if ^ ~ Swi and 
= -1. e {cJ3,t^i}- 

Proof. Analogous to the proof of Lemma 16.261 □ 

This proves the proposition in the case n > 4. The assertion for the remaining 
cases n < 3 can be verified directly using LIE. Proposition 16 . 301 is proved. □ 

6.2.4. Proof of Theorem \6.20\ and the proof of Theorem \3.12i The assertion of The- 
orem [5201 in the cases of g = £^6 and A = {uji,ujq} can also be verified through 
direct computation (e.g. using LIE). Theorem 16.201 then follows from Propositions 
16:241 [QTl and [QOl □ 

Theorem 16.201 and Proposition 16.211 implv that (f) yields (c) and (a). Thus, we 
have so far proved the equivalence of parts (a-c) , (e) and (f ) of Theorem 13.121 
Additionally, we obtain that (f) implies (d) from the explicit computation of the 
exterior squares in the proof of Theorem 16.201 We complete the proof of Theorem 
13.121 by showing that (d) implies (a) . 

Proposition 6.33. Let g be a semisimple Lie algebra and let V\ be a simple g- 
module. If h?V\ is simple, then V\ is Poisson. 

Proof. Suppose that V\ is simple. Then c acts as multiplication by a constant 
^ on A^Vx. Therefore, ci2(zJ) = for all v <E h?Vx®V\ and c^ziv') = Im' for all 
v' eVxig) A^Va. This imphes that 

[ci2,C23](t') = (M'-/i')(«)-0 

for aU V e A^Vx ^VxClVx® A^Va — A^V\ and hence, Vx is Poisson. Proposition 
16.331 is proved. 

□ 

Proposition 16.331 completes the proof of Theorem 13. 121 

□ 

Theorem 13 . 121 and Theorem 16. 201 vield the following corollary, which will play an 
important role in the classification of flat modules in Section |31 

Corollary 6.34. Let q be a simple Lie algebra and V a simple g-module. V is 

Poisson, if and only if V is rigid. 
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7. Open Questions and Conjectures 

In this final chapter we wiU present a number of conjectures and questions which 
wiU be interesting for future research in the area of braided symmetric algebras. 
The classification of flat modules lets us expect that the following conjecture holds. 

Conjecture 7.1. Let q be a reductive Lie algebra and a finite dimensional 
Uq{Q)-module. The braided symmetric algebra SaiV) is aflat deformation of the 
reduced symmetric algebra S{V,r^) of the classical limit V of . 

This conjecture is of particular interest because it opens the possibility to address 
the following not yet investigated question. 

Problem 7.2. Quantize a commutative Poisson algebra A; e.g. a reduced sym- 
metric algebra. 

While this conjecture gives rise to the question of quantization of manifolds with 
a bracketed structure, the classification of flat modules in Theorem 14.241 and our 
computation of the braided symmetric and exterior cubes of simple f/g(sZ2)-modules 
in [B] Theorem 2.40] suggest that braided symmetric and exterior cubes are rigid 
in the following sense. 

Conjecture 7.3. Let g be a simple Lie algebra and V a simple Uq{g)-module and 

V its classical limit. The classical limit of S^V^ (resp. K^V^) is isomorphic to 
Sfow^ (resp. AfowV) as a Uig)-module. 

It is easy to see that the assertion does not hold for nonsimple or g semisimple, 
as the example of the natural Uq{sl„i x s^„)-module shows. 

8. Appendix 

We develop in this appendix notation for products and complements of weight- 
spaces in symmetric and exterior powers of vectorspaces. Let y be a finite-dimensional 
vector space, and let Pi, V2, . . . , be subspaces of V. We define Vi ■¥2 - . . ■ - Vn C 
S"V and Vi A V2 A . . . A C A^V the subspaces generated by elements vi-V2- ■ . .-Vn, 
resp. vi Av2 A . . . Avn, where Vi £Vi for i e [1, n]. 

Lemma 8.1. Let V be a finite- dimensional vector space and let Vi, . . . Vn be sub- 
spaces such that V = ®"^i Vi. Denote by V{m) the set of all increasing m-element 
sequences p = {pi, . . . ,Pm), 1 < Pi < • ■ • < Pm < n in [1, n]. The m-th symmetric 
and exterior powers now admit the following decomposition: 

gray ^ . _ , . ^ p^my ^y^^^ ^ _ ^ ^y^^ _ 

pev pev 

Proof. 

Recah that if V" ^ V2, then S"^V ^ 0-" '^''^i ^ S"'-W2, resp. that 
A"^V = ®™o^*^i ^ A"^*V2. We can now use induction in n to prove that for 

V ^ 0"^^ Vi we have 

n n 

gmy^ (^S'^V, ,A"y- (g)A^-y, , 

i=l ^e£™ i=l 

where Cm denotes the set of of n-element sequences {ii, . . . ,£„) such that -f . . . -t- 
in = m. 
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Using the notation V ■ ...-V = S'^V and F A A . . . A F = K^V and the fact 
that S'Vi M S^V2 = S^Vi ■ S^V2, resp. AWi M A^Ya = A*Vi A we obtain the 

desired result. The lemma is proved. □ 

We wiU use the notation (Vp^ ■ . . . V^,„)'^ C S""V to denote 
(8.1) iVp,----VpJ'^ ViXp,)A...AV{XpJ . 
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